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Abstract

The dispersion relation of standard geodesic acoustic modes in tokamak plasmas with
anisotropic distribution and a radial equilibrium electric ﬁeld is derived and analyzed. Both
frequencies and damping rates increase with respect to the poloidal Mach number which
indicates the strength of the radial electric ﬁeld. The strength of anisotropy is denoted by the ratio
of the parallel temperature (T) to the perpendicular temperature (T^). It is shown that, when the
parallel temperature is lower than the perpendicular temperature, the enhanced anisotropy tends
to enlarge the real frequency but reduces the damping rate, and when the parallel temperature is
higher than the perpendicular temperature, the effect is opposite. The radial equilibrium electric
ﬁeld has stronger effect on the frequency and damping rate for the case with higher parallel
temperature than the case with higher perpendicular temperature.
Keywords: geodesic acoustic mode, anisotropy, equilibrium ﬂow
perturbation on GAMs [6]. Wahlberg [7] investigated the
effect of toroidal rotation on GAMs, ﬁnding a new GAM with
much lower frequency produced by the rotation. Xie et al [8]
analyzed the inﬂuence of the poloidal rotation on the collisional damping of GAMs. GAMs are usually excited by selfinteration of turbulence in toroidal devices. Itoh et al studied
the excitation of GAMs through the poloidally nonsymmetric
radial transport caused by turbulence [9]. Chakrabarti et al
investigated the nonlinear excitation of GAMs by diverse drift
waves through three wave coupling [10]. Sasaki et al analyzed the self-nonlinear interaction of GAM, showing nonlinearity effect of density, parallel velocity and Reynolds
stress on the saturation level in different orders [11]. In a
recent experiment, the characteristics and scaling properties of
GAMs have been investigated on JET [12], the driving of
GAMs by turbulence dominant over the damping rate was
conﬁrmed.
Normally the studies of GAMs are performed in isotropic
equilibria, like for ohmic discharges. The anisotropy occurs
only in ﬁrst δ-order (¶f0 ¶m = O (d )), where d = r /L with r

1. Introduction
Zonal ﬂows (ZFs), which are electrostatic symmetric bandlike shear ﬂows in toroidal plasmas, have caught great
attention due to their important roles of regulating the plasma
turbulence and the resultant transport [1–3]. A number of
theoretical researches and experiments have been devoted to
the new paradigm which regards plasma turbulence as a
system of drift waves and ZFs. In tokamak devices, ZFs have
two branches: the low frequency zonal ﬂow with w ~ 0 and
the geodesic acoustic mode (GAM) with w ~ cs /R, where cs
is the sound speed. GAMs, usually as an electrostatic acoustic
mode due to the geodesic curvature, have been investigated
for several decades since ﬁrst predicted by Winsor et al [4].
They have been studied by many researchers from different
aspects.
In theory, Zhou [5] investigated the GAM with a radial
equilibrium electric ﬁeld and found that the real frequency
and damping rate do increase with the increasing poloidal
Mach number. He also investigated the effect of magnetic
1009-0630/18/085101+06$33.00
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the gyro-radius and L the equilibrium scale, and is usually
neglected in the analysis. However, with the application of
diverse auxiliary heating methods in modern tokamak devices, like neutral beam injection, ion cyclotron resonance
heating, etc, the isotropic assumption may not always persist.
The investigation of the anisotropic effect for tokamak plasmas has been in progress for a long time [13–17]. Heidbrink
and Sadler [18] analyzed the behavior of fast ions, and found
that the distribution was quite anisotropic during ICRF minority heating. Ivanov et al [15], using the SPIDER code,
derived the axisymmetric plasma equilibrium equation with
arbitrary rotation and anisotropic pressure. Ren [16] investigated the inﬂuence of anisotropy on GAMs with a toroidal
rotation, and found that the degree of anisotropy did always
enlarge the GAM frequency. With high power auxiliary
heating, it is possible to excite the energetic particle-induced
geodesic acoustic mode (EGAM), which was ﬁrst observed in
the experiment of DIII-D [19]. Fu [20] analyzed the excitation
of EGAM, ﬁnding the frequency and structure determined
nonperturbatively by energetic particle kinetic effects. Berk
and Zhou [21] investigated the fast excitation of EGAM,
ﬁnding a new mechanism which is crucially related to the loss
region. Qiu et al [22] investigated the excitation of EGAM,
coupling with the GAM continuous spectrum. Sasaki et al
[23] analyzed EGAM, ﬁnding a new branch due to the
magnetic drift resonance.
In this work, we investigate the GAMs in a tokamak with
a radial equilibrium electric ﬁeld and anisotropic ion distributions. Usually in tokamak plasmas, there is a radial
equilibrium electric ﬁeld, especially near the edge of plasmas.
As a consequence, sometimes an equilibrium poloidal mass
ﬂow may appear [24, 25]. Some investigations have addressed the effect of plasma poloidal ﬂows or radial equilibrium
electric ﬁelds on the characteristics of GAMs. The frequency
of standard GAMs had a signiﬁcant up-shift with the
increasing poloidal rotation velocity or ﬁeld strength [5, 26].
Elﬁmov et al [24] revealed that a low frequency branch
induced by the rotation exists when the energy equation was
taken into account. The Alfvenic continuum of a poloidally
rotating plasma was investigated by Lakhin and Ilgisonis
[27]. However, most of the researches are considered in the
isotropic condition. With the application of auxiliary heating
methods in modern fusion research, it is necessary to investigate the anisotropic condition, ﬁnding the effect of coexistence of the radial equilibrium electric ﬁeld and anisotropic
distribution.
We solve the gyro-kinetic equation for an axisymmetric
electrostatic perturbation with small side-band included, the
dispersion relation is then obtained by quasi-neutrality conditions. The magnetic perturbation, which is related to the
ﬁnite beta effect, is not considered in the present work. It is
straightforward to include the magnetic component, but the
process will be very complicated. Usually, energetic particles
will appear in experiments with high power auxiliary heating
in addition to the anisotropic equilibrium distribution. It is
interesting to study the EGAM with the background anisotropic distribution, but it is beyond the scope of the present work.

In the following, taking into account the anisotropy and a
radial electric ﬁeld, we derive the dispersion relation in
section 2. Considering the standard GAMs, which means the
normalized frequency x  1 (where x = qRw /vT ), we
numerically solve the dispersion relation and get the proﬁles
of the mode frequency and the damping rate in section 3. We
give an analysis on the mode frequency and damping rate
with respect to the radial electric ﬁeld and the degree of the
anisotropy. The conclusion and discussion are presented in
section 4.

2. Derivation of the dispersion relation
In this section, we derive the dispersion relation for a large
aspect ratio tokamak with circular cross section. The coordinates (r, q, f ) here indicate the radial variable, poloidal angle,
and toroidal angle,  respectively. The axisymmetric
magnetic ﬁeld here is B = f ´ y + BT R f with R =
R0 + r cos q and the radial electric ﬁeld is Er =
-F = -F¢y where y labels a magnetic surface.
We assume the ion equilibrium distribution with anisotropy as (the electrons should have the same distribution
function in order to satisfy the quasi-neutrality condition)
⎛E

f0i =

m B⎞

N (y) -⎜⎝ TEi + Tmi ⎟⎠
i
i ,
e
p 3 2vT3i

(1 )

where N (y ) is the density of ion, vTi = (2TEi m i )1/2 ,
Ei = m i v 2 2 + qi F and magnetic moment mi = m i v^2 (2B).
The equilibrium distribution is required to satisfy the condition bˆ ⋅ f0i = 0 where b̂ is the unit vector in the direction of
the magnetic ﬁeld. We can get bˆ ⋅  (B Tmi ) = 0 which
means the Tmi is not just the function of magnetic surface. It
indicates Tmi = Tmi (y, q ) µ B.
Using the equilibrium distribution, the equilibrium density of ion is obtained as
n 0i =

-

ò f0i d3v = N (y) e

qi F
TE i

1
.
1 + TEi Tm i

(2 )

Deﬁning t = TEi Tmi which represents the degree of the
anisotropy, the ion equilibrium distribution can be written as
⎛E

f0i =

m B⎞

⎛ m v2

m B⎞

N (y) -⎜⎝ TEii + Timi ⎟⎠
n ( 1 + t ) -⎜ i + i ⎟
= 0i 3/2 3 e ⎝ 2TEi Tm i ⎠ . (3)
e
3
/
3
2
p vTi
p vTi

The parallel and perpendicular temperatures can be
written as
T =

1
n 0 (y , q )

ò m i v2 f0i d3v = TE

i

(4 )

and
T^ =
2

1
n 0 (y , q )

1

TEi

ò 2 m i v^2 f0i d3v = 1 + t .

(5 )

Plasma Sci. Technol. 20 (2018) 085101

Y Ming et al

From equations (4) and (5), the term 1 + t = T /T^. We
note that the parameter T /T^ is not only a ﬂux function but
also depends on the poloidal angle. However, for a large
aspect ratio tokamak, the dependence on the poloidal angle is
weak such that we can take the ﬂux averaged values in
numerical evaluations.
In order to satisfy the quasi-neutrality condition, electrons should have the similar distribution, but temperatures
need not be the same. Taking equations (4) and (5) into the
equilibrium distribution function, one can obtain the same
form of the exponent which indicates the anisotropy as that
in [13].
The total distribution function contains two parts: the
equilibrium part and the perturbation part. It can be written as
fa = f0a + dfa where a = i (e). The perturbation distribution
can be written as [28]

¶f
q ¶f

dfa = dh (R , t ) + qa d F (r , t ) 0a + a 0a
¶E
B ¶m
 

i
⋅
r
k
^
a ] d F (r , t ) ,
´ [1 - J0 (k^ ra) e

dh 0 =

d h 1 =

 

´ f0a [1 - J0 (k^ ra) e-ik^⋅ ra ] d F (r , t ) ,

dn 0 =

(8 a )

å

dhl exp [ - i (wt - k r x - lq )].

(8 b )

ik r qra qa
qa

n 0 a F0 ( r , t ) +
TEa
2 TEa

´ n 0a [Z 2 (x-) F+1(r , t ) - Z 2 (x+)
k r2 q 2ra2 qa

´ F-1(r , t )] n 0a
4x TEa

´ F0 (r , t )[Z 3 (x-) + Z 3 (x+)] ,

qa
q
- a n 0a F1xZ p (x)
TEa
TEa
ik r qra qa

Z 2 ( x ) n 0 a F0 ,
2 TEa

dn1 = - n 0a F1

l = 0, 1, 

Substituting equations (8a) and (8b) into equation (7) and
neglecting high-order harmonics components with ∣ l ∣ > 2,
one can obtain
wqa
i wd
(dh+1 - dh-1) =
J0 F0 f0a ,
2
TEa
wqa
i wd
dh 0 =
J0 F+1f0a ,
2
TEa

(9 b )

( w + w t ) d h -1 +

wqa
i wd
dh 0 =
J0 F-1f0a ,
2
TEa

(9 c )

(13)

where Z p is the plasma dispersion function.
Normally, the ion thermal velocity is much smaller than
that of electrons. We assume that xi  xe  0. Substituting
equation (13) into the quasi-neutrality condition of ﬁrst order,
one can obtain

(9 a )

( w - w t ) d h +1 -

(12)

where x = qRw /vTa is the normalized frequency and
x = x  Mp. We deﬁne the poloidal Mach number
Mp = vˆE /vTa to denote the strength of the electric ﬁeld. The
deﬁnition of Zi functions will be given in the appendix. Using
the analogical calculation, the ﬁrst order perturbation of
density is

l = 0, 1, 

wdh 0 +

∭ dfa0 v^ dfdv^ dv = - 12 (k^ ra )2

´

The perturbations are expanded in harmonic forms
Fl exp [ - i (wt - k r x - lq )] ,

(11)

where dh = dh 0 + dh1.
In order to use the quasi-neutrality condition to derive the
dispersion relation, we need to obtain the densities of particles. The zero-order perturbation of density is

(6 )

å

(10b)

f
q

dfa = dh - qa d F (r , t ) 0a - a
TEa
Tma

¶dh
¶dh


+ (vbˆ + v E + v D) ⋅ 
¶t
¶R

iwqa
=(7 )
J0 (k^ ra ) d F (R , t ) f0a ,
TEa



where v E = E ´ B B2 @ -F¢q-1rqˆ is the electric drift


is
the
guiding
center,
velocity,
R = r - ra

v D = -vˆD sin qrˆ - vˆD cos qqˆ is the magnetic drift with
vˆD = (v2 + v^2 2) (Wa R) and Wa = qa B ma.

dh =

qa
w
i wd
J0 F1f0a 
w  wt TEa
2 (w  w t )
q
´ a J0 F0 f0a .
TEa

(10a)

Finally, the perturbation of distribution can be written as

where dF is the perturbed electrostatic potential, J0 is the
zero-order Bessel function and ra = v^ ma (qa B) is the gyroradius. The non-adiabatic perturbation dh satisﬁes the gyrokinetic equation

dF =

qa
iw ⎛ F
F-1 ⎞
J0 F0 f0a - d ⎜ +1 ⎟
TEa
2 ⎝ w - wt
w + wt ⎠
q
w2 ⎛ 1
1 ⎞
´ a J0 f0a + d ⎜
+
⎟
TEa
4w ⎝ w - w t
w + wt ⎠
q
´ a J0 F0 f0a ,
TEa

F1 = 

Z 2 ( x )
iqk r r i
F0 ,
2 1 + s + xZ p (x)

(14)

where s = TEi TEe.
Taking equation (14) into the quasi-neutrality condition
qi dn 0 (i) + qe dn 0 (e) = 0, we can get the dispersion relation

where wd = kr vˆD and wt = (v + vˆE ) /qR, with vˆE = RF¢.
As wd w ~ kr ra  1 for normal GAMs, we can solve
equations (9a)–(9c) iteratively to get
3
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Figure 2. (a) The real frequencies of standard GAMs versus the ratio

Figure 1. (a) The real frequencies of standard GAMs versus the

of the parallel temperature to the perpendicular temperature. (b) The
damping rates of standard GAMs versus the ratio of the parallel
temperature to the perpendicular temperature.

poloidal Mach number with different value of t . (b) The damping
rates of standard GAMs versus the poloidal Mach number with
different value of t .

this changing trend with Mp was also given in [15]. In
ﬁgure 1, the curves of t = 0 denote the isotropic case. Taking
the normal expression of anisotropy, which is indicated by the
ratio of the parallel temperature to the perpendicular temperature, we present the frequencies and damping rates varying
with respect to the strength of anisotropy in ﬁgure 2, with
q = 3 and s = 1.
In ﬁgure 2, the real frequencies decrease with the
increasing value of the ratio of the parallel temperature to the
perpendicular temperature. But the increasing value dramatically promotes the damping rates. When the parallel temperature is lower than the perpendicular temperature, i.e.
T /T^ < 1, the enhanced anisotropy tends to enlarge the real
frequency but reduces the damping rate. When the parallel
temperature is higher than the perpendicular temperature, the
effect is opposite.
From ﬁgure 2, we notice that the increasing radial electric
ﬁeld can enhance the real frequency more effectively for the
case with the parallel temperature higher than the perpendicular temperature than for the other anisotropic case. While
the change of the damping rate versus Mp is not so different
for both anisotropic cases.
The changing of the frequency and damping rate versus
T /T^ is more drastic for smaller T /T^. The changing tends to
be slow as T /T^ get larger than 1.5. Comparing ﬁgure 1 with
ﬁgure 2, we notice that the frequency and damping rate are
more sensitive to the ratio of the parallel temperature to the
perpendicular temperature. The anisotropy has a stronger
impact on standard GAM than that of the radial equilibrium
electric ﬁeld. Since pressure is proportional to temperature, it
is qualitatively in agreement with the conclusion of [14],
where a ﬂuid model was adopted.
We can give an intuitive interpretation of changing trend
of the frequencies and damping rates. Note that the frequencies and the damping rates are normalized by the parallel

given by
⎤
Z 2 ( x +) 2
1
1⎡
Z 2 (x-)2
⎢
⎥
+
q2
2 ⎣ 1 + s + xZ p (x+)
1 + s + xZ p (x-) ⎦
+

1
[Z 3 (x+) + Z 3 (x-)] = 0.
2x

(15)

Equation (15) is equivalent to the dispersion relation derived
in previous works [29] when we drop the anisotropy and the
response of electrons for Mp = 0. In equation (15), The anisotropic effect is embodied in the Zi functions. The analysis
of the dispersion relation will be given in section 3.

3. Numerical solution to the dispersion relation
It is quite involved to obtain an analytical solution to
equation (15), even if approximately for the so-called standard GAM with ∣ x ∣  1, using the adiabatic expansion of the
plasma dispersion function, as done in previous works [5, 21].
However, it is straightforward to numerically solve the dispersion relation. There exist numerous roots to equation (15)
in the complex number domain. We search for the standard
GAM solution satisfying ∣ x ∣  1 for GAMs are usually
detected near the edge of tokamaks where normally q  1. It
is also the region where poloidal ﬂows and radial electric
ﬁelds are normally observed [30].
Setting q = 3 and s = 1, frequencies and damping rates,
normalized by the parallel thermal velocity, are plotted versus
Mach number for a few t values in ﬁgure 1.
Both frequencies and damping rates increase with respect
to the poloidal Mach number. The tendencies are qualitatively
in accordance with the previous work [5] where the potential
side-band effect was not included. A intuitive explanation for
4
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thermal velocity. If we ﬁx the parallel temperature and
increase the perpendicular temperature, i.e. lowering T /T^,
the ion radial magnetic drift is enhanced. Since the quasineutrality condition requires the balance between the radial
magnetic drift and the polarization drift, the frequency is then
increased to ensure a larger radial polarization drift. The
damping results from the transition resonance between the
mode and passing ions. If the mode frequency increases, the
parallel velocity in resonance with the mode will also
increases and the particle number in resonance with the mode
will get smaller.
In the above analysis, t should be larger than −1 to make
sure that the perpendicular temperature is positive. It does not
matter that Tmi is negative since it is the parallel temperature
and the perpendicular temperature that have physical
meanings.

tokamaks did also have inﬂuence on radial electric ﬁeld and
distribution anisotropy. The ﬂow is stronger and the pressure
anisotropy takes a higher value on spherical tokamaks [17].
Further work is necessary to take the device conﬁguration into
account in the research of inﬂuence of radial electric ﬁeld and
distribution anisotropy. The result is not expected to be
changed qualitatively.
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Appendix. Deﬁnition of Z functions

4. Conclusion and discussion
The plasma dispersion function is
In the present work, the dispersion relation of standard GAMs
in tokamak plasmas with anisotropic distribution and a radial
equilibrium electric ﬁeld was derived. The equilibrium distributions of ion and electron are Maxwellian with two temperatures. Dropping the anisotropy and the response of
electrons for Mp = 0, the previous results could be recovered.
We numerically solved the dispersion relation for the standard
GAM modes. The frequencies and damping rates increase
with the increasing Mach number which denotes the strength
of the radial electric ﬁeld. It is in qualitative agreement with
the previous works when the anisotropy is neglected. The
proﬁles of frequencies and damping rates versus the ratio of
the parallel temperature to the perpendicular temperature were
shown in ﬁgure 2. The radial equilibrium electric ﬁeld has a
more important impact on the real frequencies of standard
GAMs in the case with the parallel temperature higher than
the perpendicular temperature. The increasing ratio of T /T^
restrains the frequencies of standard GAMs but dramatically
promotes the damping rates.
On the whole, the strength of anisotropy has a stronger
inﬂuence on the frequencies and damping rates than the radial
electric ﬁeld. In experiments, it is possible to control GAMs
by using the anisotropic effect. For example, one can decrease
the damping rate of GAMs by decreasing T /T^ through
perpendicular heating of ions.
In experiments with high power auxiliary heating, energetic particles may be produced in addition to the anisotropic
background. Then EGAMs may be excited. EGAMs is
essentially a kind of energetic particle modes with the mode
features and mode frequencies determined by the energetic
particle distribution. The study of EGAM with anisotropic
background distribution may be interesting but not considered
in the present work.
The analysis we have done is limited to the standard
GAMs with high frequencies and low damping rates, close to
the edge of the tokamak. The large aspect ratio circular cross
section was assumed in our work, which is only applicable to
conventional tokamaks. In recent research, the aspect ratio of

1
p1/2

Z p ( y) =

ò

e-x
dx,
x  y
2

(A1)

where the integration route is from -¥ + 0i to +¥ + 0i
and circumvents the singular point for Im (y)  0.
Other Zi functions are deﬁned as
x2 e-x

2

Z 1 (x ) =

1
xp1/2

ò

1
Z 2 (x ) = 1 /2
p

x - x

ò

x2 +

dx = 1 + xZ p (x ) ,
1
2 (1 + t ) -x 2
e  dx

x - x
1
= xZ1(x ) +
Z p (x ) ,
2 (1 + t )
1

(A2)



(A3)

1

+ 1 + t x2 + x4
1
2
2 (1 + t )2
e-x dx
Z 3 (x ) = 1 /2
x - x
p
1
x
=
Z 2 (x ) + + x 3Z1(x ).
1+t
2

ò

(A4)
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