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Abstract

A pilot single-channel Motional Stark Effect (MSE) diagnostic has been developed on EAST
since 2015. The dual photo-elastic modulators (PEM) were employed to encode the polarization
angle into a time-varying signal. The pitch angle was related to the ratio of modulation amplitude
at the second harmonic frequency. A digital harmonic analyzer (DHA) technique was developed
for extracting the second harmonic amplitude. The results were validated with a hardware phase
lock-in ampliﬁer, and is also consistent with the software dual phase-locking algorithm.
Keywords: motional Stark effect, fast Fourier transform
(Some ﬁgures may appear in colour only in the online journal)
needed to select either σ or π components before the modulated intensity is converted into a current by a PMT detector.
The polarization angle is obtained from the ratio of the
modulation amplitudes at the second harmonic frequencies of
the dual PEMs. The phase lock-in loop device is usually used
to demodulate the signal. The fast data acquisition system
also can be used to record the time-varying signals, together
with data analysis methods to derive the harmonic frequency
amplitude [8, 9]. This paper describes a new digital harmonic
analyzer (DHA) technique inspired by the digital phase
comparator [10, 11]. The amplitude and phase difference can
be recovered in a similar procedure.

1. Introduction
The current density measurement is important for achieving
the long pulse and high performance plasma on EAST [1].
The POlarimeter-INTerferometer (POINT) system has
demonstrated the ability of reconstructing the current proﬁle
integrated with EFIT [2, 3]. Nevertheless, the POINT measurement results are line-integrated, and the space resolution
is limited. The MSE diagnostic is a traditional technique to
infer the internal magnetic ﬁeld information [4–6]. The results
are localized and can be directly used as the constrain conditions for magnetic ﬂux reconstruction. At present, EAST
has established two beamlines which provided the foundation
for developing the MSE diagnostic [7]. The fast neutral atoms
that pass through the high magnetic ﬁeld would experience a
strong Lorentz electric ﬁeld causing Stark splitting. When
viewed at the horizontal plane, the Hα spectrum emitted by
hydrogen atoms consists of two orthogonally-polarized
components (σ, π). The σ component is perpendicular to the
electric ﬁeld and the π component is parallel to the electric
ﬁeld [4]. The polarization-based MSE system commonly
employs a dual photo-elastic modulator (PEM) followed by a
linear polarizer analyzer, which encodes the polarization
direction into a time-varying signal. A narrow-band ﬁlter is
1009-0630/17/104001+04$33.00

2. Basic principle of digital harmonic analyzer
technique
The MSE signal contains multiple harmonic components. The
phase lock-in devices are commonly used for extracting the
interested harmonic amplitude and phase difference with
reference signal. In this article, we introduced a modiﬁed
algorithm based on the digital phase comparator technique for
analyzing the interested harmonic component.
1
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For simplicity, considering a signal x (t ) contains only
one frequency w 2p with amplitude A (t ) and phase a(t ), it
would be described by:
x (t ) = A (t ) cos [wt + a (t )].

The phase difference between the signal x (t ) and reference r (t ) is then easily determined from:
f = arctan {Im [X (t ) R*(t )] Re [X (t ) R*(t )]}.

(1 )

To execute the calculation described above, the most
critical step is calculating the complex conjugate form of
equations (2) and (6). For a digitized signal wave form, we
found this can be easily resolved by the discrete Fourier
transform (DFT). For a 2N point data sequence, the fast
Fourier transform (FFT) and inverse Fourier transform are
deﬁned as follows [13]:

For analog demodulation, we must down-shift the frequency
by an amount -w to obtain the amplitude variation. The
phase lock-in device using the same frequency signal to mix
with signal x (t ). This results in difference and sum frequency
terms x (t ) sin (wt ) µ A (t ) sin (2wt + a) − A (t ) sin [a (t )].
Followed by a low pass ﬁlter, the sum frequency term
would be eliminated. By minimizing the phase difference
between signal x (t ) and sin (wt ), we will obtain the interested
amplitude A (t ). A complex feedback circuit can automatically
achieve the phase elimination in the phase lock-in device.
If we can shift the ‘carrier frequency’ cos (wt + a) phase
by 90°, the orthogonal signal is A (t ) sin [wt + a] and the
amplitude A (t ) can be easily obtained directly by the root of
the sum of squares. In practice, it is not easy to shift a signal
phase by 90° precisely through the analog circuit. The digital
complex demodulation technique provides a direct approach
for shifting the phase by 90°.
The signal x (t ) may be rewritten in a complex form as [12]
x (t ) =

X ( j) =

A (t ) =

+

Y (2 N - k 0 + 2 ) =
2N
⎡
⎛ k - 1 ⎞⎤
å X ( j ) exp ⎢⎣(2p i)( j - 1) ⎝⎜ 02N ⎠⎟ ⎥⎦ = Y *(k 0).
j=1

X ( j) µ

⎡

⎤
( j - 1 ) (k 0 - 1 )
´ F⎥
⎦
F
2N

⎡
⎤⎫
( j - 1 ) (k 0 - 1 )
+ Y *(k 0) exp ⎢ - (2p i)
´ F⎥⎬
⎣
⎦⎭
F
2N

(4 )

(13)

where k 0  N, F stands for the sampling rate. This is an
equivalent form of equation (2) in discrete form. The complex
coefﬁcients Y (k 0 ) and Y *(k 0 ) stand for the amplitude of frequency (k 0 - 1) (2N ) ´ F . If the original signal contains only
one frequency (k 0 - 1) (2N ) ´ F , the other coefﬁcient Y (k 0 )
should be zero. In a real signal sequence, owning to ﬁnite data
numbers, frequency variations and distribution of noise, the frequency leakage around (k 0 - 1) (2N ) ´ F commonly exists.
So, a narrow frequency window around k 0 is needed to reserve
the wave form when applying the inverse Fourier transform. The
calculation process described by equations (1)–(9) combined with
FFT and inverse FFT can be summarized as follows:

(5 )

(6 )

Omit the second term of equations (2) and (6), we get a
complex time domain signal:

For amplitude:
⎧ F (k ) ´ W (k 0 )
ifft
(t ) fft

 ⎨
 A cos (t )
⎩ F *(k ) ´ W *(k 0)
⎧ F (k ) ´ W (k 0 ) ´ ( - i)
ifft
(t ) fft

 ⎨
 Asin (t )
⎩ F *(k ) ´ W *(k 0) ´ i

(7 )

If we multiply the complex signal X (t ) with the complex
conjugate reference R (t ), we arrive at:
X (t ) R*(t ) = A (t ) B (t ) exp [i (a (t ) - b (t ))].

⎧

å ⎨⎩Y (k 0) exp ⎢⎣(2p i)
k0

(3 )

1
B (t )(exp[i (wt + b (t ))] + exp[ - i (wt + b (t ))]) .
2

⎧ X (t ) = A (t ) exp[i (wt + a (t ))]
⎨
⎩ R (t ) = B (t ) exp[i (wt + b (t ))].

(12)

So the inverse Fourier transform (equation (11)) can be seen
as the sum of two complex time domain signals:

the complex form can be written as:
r (t ) =

(11)

Let k = 2N − k0 + 2 (k0 <= N), the frequency coefﬁcient Y (2N − k0 + 2) is the conjugate number of Y (k 0 ):

If a reference wave form r (t ) has the same frequency w /2p
whose amplitude B (t ) and phase b (t ) may be described by:
r (t ) = B (t ) cos [wt + b (t )]

⎡ (2p i)( j - 1)(k - 1) ⎤
1 2N
å Y (k ) exp ⎢⎣
⎥⎦
2N k = 1
2N

where j = 1, 2,  2N , k = 1, 2,  2N .

Then, the signal amplitude would be calculated by:
y 2 (t ) .

(10)

j=1

If we let −i times exp [i (wt + a (t ))] and i times
exp [-i (wt + a (t ))], a new wave form with the phase changed
by 90° can be obtained.

x 2 (t )

⎡ ( - 2p i)( j - 1)(k - 1) ⎤
⎥⎦
2N

2N

å X ( j ) exp ⎢⎣

Y (k ) =

1
A (t )(exp[i (wt + a (t ))] + exp[ - i (wt + a (t )) ]).
2
(2 )

y (t ) = A (t ) sin [wt + a (t )].

(9)

∣A (k 0; t )∣ =

(8 )

2

2
2
A cos
(t ) + Asin
(t ) .

(14)
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Figure 1. (a) The mixed frequency original MSE signal recorded by
the fast data acquisition system. (b) The frequency spectrum deduced
by the FFT method.

Figure 2. (a) A narrow frequency window is set at 40 kHz with

1.4 kHz width. (b) The dash-dot line (Acos) is the 40 kHz waveform,
the solid line (Asin) is the waveform Acos shifted −90° and the dashed
line A(t) is the time-varying amplitude of the signal 40 kHz.

For phase difference:
⎧ F (k ) ´ W (k 0 )
ifft
(t ) fft

 ⎨ *
 (k 0, a)
⎩ F (k ) ´ 0
⎧ F (k ) ´ W (k 0 )
 (t ) fft
ifft

 ⎨ *
  (k 0, b )
⎩ F (k ) ´ 0
⎡ Im [(k 0, a) *(k 0, b )] ⎤
a - b = arctan ⎢
⎥
⎣ Re [(k 0, a) *(k 0, b )] ⎦

(15)

where (t ) is time varying signal, (t ) is the reference signal
recorded at the same time, W (k 0 ) is the narrow frequency
window around interested frequency. W * (k 0 ) is the frequency window in the conjugate region of W (k 0 ). α is the
harmonic component phase. b is the reference signal phase.
∣A (k 0; t )∣ is the modulation amplitude for interested frequency. a - b is the phase difference.

Figure 3. (a) The harmonic amplitude deduced with the square

window and hamming window. The Hamming window can improve
the edge oscillation greatly. Both are consistent with the SDPL
method. (b) The phase difference between the harmonic component
and the reference signal.

waveform Acos is obtained by doing inverse Fourier transform
on the FFT results multiplied by the square frequency window, which stands for the 40 kHz signal involved in the
mixed signal. To obtain the orthogonal signal, we need to
times –i to one frequency window and i to the other frequency
window. After inverse Fourier transformation on the FFT
results multiplied by the new complex frequency window, we
get a signal Asin that stands for the signal shifted 90° about
Acos. The modulation amplitude A(t) can be easily deduced by
equation (4). However, the square window will cause edge
oscillation after inverse Fourier transformation, a Hamming
window can suppress the edge oscillation and the result is
shown in ﬁgure 3(a). Nevertheless, there still exists un-real
points at the edge of the time sequence; it is better to use a
wider analysis period and discard the edge points. The software dual phase lock loop (SDPL) technique mentioned in
reference [9] is another useful demodulation method; the
result is also plotted in ﬁgure 3(a), these two results are
consistent with each other. The phase difference between the
40 kHz harmonic component and the reference (40 kHz) is
also calculated followed a similar procedure described by
equation (15). The results are shown in ﬁgure 3(b); the

3. Experimental analyses
The MSE signal contains serial harmonic frequencies of the
dual PEMs. The basic modulation frequencies are 20/23 kHz,
which are determined by the PEM size. One fast data
acquisition system (1 MHz) is employed in the single channel
MSE system on EAST [14]. Figure 1(a) shows the MSE
original testing data recorded by the fast data acquisition
system, ﬁgure 1(b) shows the frequency spectrum deduced by
fast Fourier transformation. The frequency spectrum contains
the basic modulation frequency 20/23 kHz, the second and
fourth harmonic frequencies and the other sum, difference frequencies. The second harmonic frequency amplitude 40/46 kHz
is related to the polarization direction.
In order to demodulate one second harmonic amplitude
such as 40 kHz by the DHA technique, the key step is to
deﬁne two frequency windows around 40 kHz on the conjugate FFT results described by equation (14); here, a square
shape is deﬁned and shown in ﬁgure 2(a). The window width
is 1.4 kHz and no other harmonic peaks are contained in this
range. The conjugate part is not plotted for simplicity. The
3
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calculated by arctan [I(2ωò)/I(2ω2)]/2, and also matched very
well. An in situ calibration shows the DHA results and the
hardware output are the same in full polarization range
(0°–180°).

4. Conclusion
The digital harmonic analyzer technique provides a coincident tool for harmonic amplitude and phase difference
calculation. The results are validated with the hardware phase
lock-in devices, and also consistent with the software dual
phase-locking algorithm. Much more information can be
easily extracted by the DHA method, which would be a
beneﬁt for PEM retardance correction and full stocks vector
calculation. The DHA results would be an important supplement for the MSE diagnostic.

Figure 4. (a) The high voltage of neutral beam. (b) The second
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harmonic amplitude (40 kHz) demodulated by hardware phase lockin loop device (PLL) and the digital harmonic analyzer (DHA)
technique. The signal from PLL is divided by 7. (c) The second
harmonic amplitude (46 kHz) demodulated by hardware PLL and
DHA technique. (d) The appearance polarization angle deduced by
Hardware and DHA technique.
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hamming window also can improve the ﬂuctuation just like
the amplitude had done.
Figure 4 shows a typical waveform of the single channel
MSE system on EAST. When the neutral beam injected, two
hardware DSP lock-in ampliﬁers (Stanford Research Systems
Corp. SR830) are employed for the second harmonic amplitude demodulation. The eight pulses are caused by the
supersonic molecular beam injection (SMBI). The fast data
acquisition system also records the original signal output from
the current ampliﬁer; the DHA technique is applied for the
amplitude demodulation. These two results are compared in
ﬁgures 4(b) and (c). The phase lock-in loop signals are
divided by 7 and are very consistent with DHA results. The
noise level of DHA results is a little higher than the hardware,
but the rise edge is much steeper, which would beneﬁt the fast
event analyses. Figure 4(d) shows the appearance angle
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