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Abstract
In this paper, the Dyakonov–Shur instability of terahertz (THz) plasma waves has been analyzed
in gated cylindrical field effect transistor (FET). In the cylindrical FET, the hydrodynamic
equations in cylindrical coordinates are used to describe the THz plasma wave in two-
dimensional electronic gas. The research results show that the oscillation frequency of the THz
plasma wave is increased by increasing the component of wave in the circumferential direction,
but instability increment of the THz plasma wave are increased by increasing the radius of
channel.
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1. Introduction

More and more people have paid attention to terahertz (THz)
waves due to the potential application in medical, commu-
nications, micro-nano optics, etc [1–3]. There are many ways
to generate THz waves. Based on the extensive research of
electromagnetic properties, both the electronic and the optical
methods can produce THz radiation [4–6]. In 1990s, Dya-
konov and Shur [7] noticed that the plasma wave can become
unstable in the channel of field effect transistor (FET) with
asymmetric boundary conditions. Under the asymmetric
boundary condition, the channel of FET can act as a resonator
to amplify the plasma wave, when the plasma wave reflects at
the boundaries, which generate the electromagnetic radiation
with THz frequency.

Subsequently, various rectangular models with the Dya-
konov and Shur instability have been reported. Some scien-
tists consider the effect of electrons. For two-dimensional
electron gas (2DEG) in channel of FET, the mean free path of
electron–electron collisions is less than both the channel
length and the mean free path of collisions with impurities
and/or phonons, which causes the electron scattering and the
viscosity of plasma [8, 9]. Most scientists have concerned
about the influence of geometry of device on THz plasma
waves [10–13]. Dyakonov and Shur used a new equation to
replace the gradual-channel equation and noted that the
instability in ungated FETs was similar to gated FETs with

asymmetrical boundary conditions [12]. But in the actual
rectangular FET, the width of the gate is much larger than the
length, ~ 100W

L
, which means that the THz plasma wave

must have two wave vectors in the x direction and the y
direction, respectively. Dyakonov analyzed the oblique pro-
pagation of THz plasma waves with the two-dimensional
hydrodynamic equations in rectangular coordinates [13].

In recent reports, some scientists are interested in the
plasma oscillation in other geometric devices (non-rectan-
gular FET). Sydoruk et al analyzed the instability of THz
plasmas waves in gated FET of Corbino geometry with
symmetric boundary conditions and found that the lowest
eigenfrequency is twice as high as rectangular FET [14].
Rahmatallahpur et al analyzed the plasma oscillation in the
gated [15] and the ungated [16] cylindrical FET with the
hydrodynamic equation and Poisson’s equation. For the gated
cylindrical FET, they replaced the effect of gate on channel with
the effect of a new charge density [15]. In this case, the gated
problem can be easily solved by the way of ungated problem.
This model can avoid the absorption of radiation power in
metallic gate, and improve the efficiency of radiation power,
and the analytical expression of the total radiation power with
the various transistor parameters has been given. In [16],
Rahmatallahpur et al noticed that the plasma frequency changes
logarithmically with the radius of channel, when the radius is
smaller, and the variation trend of plasma frequency is the same
as that in flat 2DEG at the large radius.
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In this paper, we investigated the Dyakonov–Shur
instability of THz plasma waves by using the hydrodynamic
equations in gated cylindrical FET (see figure 1). The
cylindrical FET is a resonator in axis direction and a wave-
guide in circumferential direction. When the wave number of
circumferential direction is not zero, the oscillation mode of
THz plasma waves in gated cylindrical FET is different from
that in the one-dimensional rectangular FET. The plasma
wave propagation in the cylindrical FET is spiral between the
source and drain. Both the wave number of circumferential
direction and the radius of channel can influence the oscilla-
tion frequency and the instability increment.

2. Model

When the density of electrons is very high, the electron–
electron scattering rate is much higher than other frequency
scales. In this case, the action of electrons in channel is
similar to that of fluids, and can be described by hydro-
dynamic models. To describe the behavior of 2DEG in gated
cylindrical FET, the hydrodynamic equations (continuity
equation and motion equation) in cylindrical coordinates are
used:
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where n is the electron density, r is the radius of channel, vc

and vz are the velocity in circumferential direction (θ direc-
tion) and axis direction (z direction) respectively, e is the
electron charge, me is the electron effective mass and j is the
potential. The j is equal to UGC−UT, where UGC is the
gate-to-channel voltage and UT is the threshold voltage.

The gradual-channel equation is as follow [7]:

j= ( )en C , 4

where C is the capacitance per unit of the gated area. When
the distance between the gate and the channel is small
enough, the equation (4) is valid.

3. Plasma waves instability

As is usually done for the analysis of instabilities, we let
n=n0+n1, =v vc c1, = +v v vz z0 1, j=j0+j1 with n0,
v0, j0 are constant values and n1, vc1, vz1, j1 are small per-
turbations. Using n1, vc1, vz1, j1∼exp(−iωt+imθ+ikz)
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where m is the wave number of θ direction and k is the wave
number of z direction. Due to the periodic boundary condition
along θ direction of the tube, we have n1(θ+2π)=n1(θ), so
that m is integer (m=0, 1, 2, L) [15, 16].

From equations (4)–(7), we can find the dispersion
equation of the THz plasma wave with the form
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is plasma wave velocity.

From equation (8), two roots can be found for k1 and k2
with the form
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When m=0, = w


k
v s1,2

0
, waves propagate only along the

direction of z. In this case, it is same to the one-dimensional
rectangular FET [7].

Introducing the length of tube (L), to rewrite the disper-
sion equation (equation (8)) and get a dimensionless equation
for dispersion relation. The dimensionless dispersion equation
has the form
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where W = wL
s

, b = v
s
0 , =R r

L
, K=kL, M=m=0, 1, 2,

L, are the dimensionless frequency, the Mach number, the
dimensionless radius, the dimensionless wave vector of z
direction and the dimensionless wave vector of θ direction,
respectively.

The dyakonov and shur’s asymmetrical boundary con-
ditions are used in the cylindrical fet, the zero ac potential
(j1) at the source and the zero ac conduction current
( j=env) at the drain. The n1v1 is ignored because it is the
high order small quantity. The boundary conditions are as
follows:

= =( ) ( )n z 0 0, 111

j j= = + =( ) ( )v vJ z L 0. 12z0 1 0 1

Figure 1. Coaxially center-gated field effect transistor with
appropriate biasing.
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The vz1 comes from equation (7)with j1=A exp(ik1L)+B
exp(ik2L), where A and B are constants, and the vz1 has the form
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Dimensionless processing of equations (11)–(13) (same as
equation (10)), we can obtain
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where the K1 and K2 can be found from equation (10).
Equation (14) is a transcendental equation that can be

only solved numerically. We can find both the real and
imaginary parts of the complex frequency W = W¢ + Wi by
separating real and imaginary parts. When the plasma oscil-
lation growth rate becomes positive, that is, Ω″>0, the THz
plasma wave is called unstable.

From equations (10) and (14), the oscillation frequency (Ω′)
and the instability increment (Ω″) depend on three parameters:
the electron drift velocity, the θ direction wave number and the
radius of channel. Figure 2 shows the dependence of the oscil-
lation frequency and the instability increment on β for different
wave numbers of θ direction with R=0.6. The value of M can
change the mode of oscillation of the THz plasma wave. When
M=0, the THz plasma wave propagates along the direction of
z, otherwise the wave propagates spirally along axis. From the
equation (9), we can find the wave numbers of z direction (k1 and
k2) are related to the wave numbers of the θ direction (m). The
oscillation frequency and the instability increment can be chan-
ged by the numerical size of the wave numbers of z direction. As
shown in figure 2(a), the oscillation frequency increases with the
increase of wave numbers of θ direction, however, the oscillation
frequency decreases with the increase of electron drift velocity.
Therefore, in order to improve the frequency of THz plasma
waves in cylindrical FET, the wave should be closer to the cir-
cumferential direction during propagation. Figure 2(b) shows that
the instability increment decreases with the increase of M. The
peak of instability increment moves to the lower β when theM is
increased, and the instability increment approaches zero when
M>4. This shows that the closer the direction of propagation of

plasma waves is to the direction of axis in cylindrical FET, the
more unstable it becomes.

In the case of GaAs FET, the length of tube (L) is 200 nm
and the radius of channel is 120 nm. The increment

= =w
p p
 W f s

L2 2
, where Ω″ is the dimensionless instability

increment with R=0.6, exceeds the decrement 1/τp when
M=0, 1 and 0.12<β<0.97, 0.26<β<0.70, respec-
tively (assuming momentum relaxation time of electron
τp≈10−11 s at 77 K). With the increase of the wave number
of θ direction, the plasma wave propagation length is
increasing, which enhances the frequency of electron–elec-
tron collisions and loss of THz plasma.

Figure 3 plots the dependance of the oscillation fre-
quency and the instability increment on β for different radii of
channel with M=1. When M=0, = 0M

R
, the oscillation

frequency and the instability increment cannot be influenced
by the radius of channel. It can be seen from figure 3, when
the radius decreases, the oscillation frequency increases but
the instability increment decreases. In the case of M=1, the
surface area of channel is increased by increasing the radius
of channel, which results in a decrease of wave numbers of z
direction. That means when the wavelength increases, the
oscillation frequency decreases.

In a sample of GaAs FET, the length of tube (L) is
200 nm and the wave number of θ direction is m=1, The

increment = =w
p p
 W f s

L2 2
, where Ω″ is the dimensionless

instability increment with M=1.0, exceeds the decrement
1/τp when r=120, 160, 200 nm and 0.26<β<0.70,
0.19<β<0.79, 0.16<β<0.83, respectively (assuming
τp≈10−11 s at 77 K). By increasing the radius of channel,
the surface area of channel is increased, which enhances both
the number (electron density is 1012 cm−2 in semiconductor
FET) and the collision frequency of electron.

And then, the dependence of the oscillation frequency on
R with β=0.2 is plotted in figure 4. In figure 4, the slope of
the curve is greater at lower R, that is, the oscillation fre-
quency decreases quickly for a small radius of channel.
However, the oscillation frequency decreases slowly for
higher radius of channel.

Figure 2. The oscillation frequency Ω′ and instability increment Ω″ as a function of β for different M with R=0.6.
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In the gated cylindrical FET with the Dyakonov–Shur
instability, the oscillation frequency reaches the THz fre-
quency. For example, assuming that the length of tube (L)
is 200 nm, the radius of channel (r) is 120 nm, the wave
number of θ direction (m) is 1, the electronic velocity (v0) is
107 cm s−1, the plasma wave velocity (s) is 108 cm s−1. That
means the dimensionless parameters are R=0.6, M=1,
β=0.1, which can let us find the dimensionless frequency Ω′
is 2.27. According to the above parameters, the true oscilla-
tion frequency = = »w

p p
¢ W ¢f 1.8s

L2 2
THz.

4. Conclusions

In the gated cylindrical FET, the hydrodynamic equations in
cylindrical coordinates are used to describe the THz plasma
wave in two-dimensional electronic gas. Due to the reflection of
the boundary, the current becomes unstable and the plasma wave
with THz frequency is amplified. We found that the THz plasma
wave in the device with differen structures has different dis-
persion relationship and oscillation modes. The oscillation

frequency and the instability increment can be influenced by the
wave number of circumferential direction (θ direction) and the
radius of channel. Numerical results show that the frequency of
the THz plasma wave is increased by increasing the component
of wave in the circumferential direction, but instability increment
of the THz plasma wave is increased by increasing the radius of
channel. This paper is also helpful for experimental observation
of the THz plasma wave.
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