
Plasma Science and Technology, Vol.15, No.12, Dec. 2013

The Self-Consistent Nonlinear Theory of Charged Particle Beam
Acceleration by Slowed Circularly Polarized Electromagnetic

Waves∗

KONG Lingbao (孔令宝)1, WANG Hongyu (王虹宇)2, HOU Zhiling (侯志灵)1,
JIN Haibo (金海波)3

1School of Science, Beijing University of Chemical Technology, Beijing 100029, China
2School of Physics Science and Technology, Anshan Normal University, Anshan 114005,

China
3School of Materials Science and Engineering, Beijing Institute of Technology,

Beijing 100081, China

Abstract The relativistic interaction of charged particle beams with a circularly polarized
electromagnetic wave propagating along a uniform guiding magnetic field in the tunneling of a
dielectric medium is analyzed. The acceleration mechanism and a self-consistent nonlinear theory
are presented for the interaction of relativistic charged particle beams with electromagnetic waves.
Numerical results show that the beam particle can be efficiently accelerated in the interaction
process.

Keywords: charged particle acceleration, slowed circular electromagnetic wave, self-
consistent nonlinear equation, guiding magnetic field

PACS: 52.38.Kd

DOI: 10.1088/1009-0630/15/12/02

1 Introduction

The study of relativistic charged particles with elec-
tromagnetic fields has fundamental importance in par-
ticle acceleration [1], plasma physics and controlled nu-
clear fusion [2,3], and the coherent generation or amplifi-
cation of high-power microwaves [4,5], and has attracted
interest from theoretical or experimental viewpoints for
a long time. For example, BOURDIER et al. elegantly
studied the interplay between a relativistic charged par-
ticle and a circularly or linearly polarized electromag-
netic wave traveling in a vacuum along a guiding mag-
netic field through Hamiltonian formalism, and some
interesting results and possible applications to parti-
cle acceleration or microwave amplification were sug-
gested [6∼10]. The nonlinear interactions of relativis-
tic electrons with a circularly polarized electromagnetic
wave (CPEW) in a guiding magnetic field were stud-
ied in Refs. [11∼14] for the purpose of microwave gen-
eration. The acceleration of the electrons or ions by
CPEW, intense laser pulses [15∼18] or cyclotron waves in
plasmas [19∼25] were studied experimentally or numer-
ically, and could have applications in plasma or accel-
erator physics. Most recently, Hamiltonian treatment
to the relativistic particle-wave interaction had been
presented in Ref. [26]. However, most of the previous
studies on particle acceleration focus on nonlinear in-
teractions between the particle and the electromagnetic
wave in vacuum, or the electromagnetic wave contains
a longitudinal component of the electric field. We will

consider a rectilinear beam having an initial velocity
along the propagation direction of slowed CPEW, and
neglect the radiation of the particle beam. Then we
will develop a self-consistent nonlinear theory for the
interaction between charged particle beams and slowed
CPEW. Numerical calculations are performed for the
relativistic interaction of charged particle beams with a
circularly polarized electromagnetic wave propagating
along a uniform guiding magnetic field in the tunneling
of a dielectric medium.

Our paper is constructed as follows. In section 2, we
present the mechanism of charged particle acceleration
by a slowed CPEW. The self-consistent nonlinear equa-
tions describing the interaction between charged parti-
cle beams and electromagnetic waves will be developed
in detail. In section 3, we present numerical results for
the relativistic factor and relative phase of the particle
beam. A short conclusion is given in section 4.

2 Acceleration mechanism and
general formulas

In order to illuminate the acceleration mechanism,
we will consider a circularly-polarized electromagnetic
wave with a constant amplitude propagating in a di-
electric medium with refractive index n (n > 1) along
a uniform guiding magnetic field B0 in the z direction.
The electric and magnetic fields (including the guiding
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magnetic field B0) of space can be written as

E = E cos (ωt− kz) ex + E sin (ωt− kz) ey, (1)

B = −nE sin (ωt− kz) ex+nE cos (ωt− kz) ey+B0ez,
(2)

in which E is the amplitude of the electric field, ω the
angular frequency, k = nω/c the wave number in the
medium, n the refractive index of the medium, and ex,
ey, ez the unit vectors of the x-, y-, and z-axis, respec-
tively.

Without loss of generality, we assume that the
charged particle is an electron. The equations for elec-
tron motion and energy change in the above mentioned
electromagnetic fields and guiding magnetic field B0

are
dp
dt

= −e

[
E +

1
c
v ×B

]
, (3)

dW

dt
= −ev ·E. (4)

Here, t is the time in the laboratory frame, v is the
beam electron velocity, e is the charge of a positron,
p = m0γv is the electron momentum, m0 is the rest

mass of the electron, γ = 1
/√

1− v2
/
c2 is the rela-

tivistic factor, while W = m0γc2 is the electron energy
and c is the speed of light in vacuum.

We assume that the electron moves along the z-axis
from the origin of the coordinate at initial time. Then
the transverse force F⊥ acting on the electron due to
the electric and magnetic field of the wave is

F⊥ = eE

(
vz

c/n
− 1

)
. (5)

Here, vz is the electron longitudinal velocity. In the
first interaction stage, vz < c/n. Since F⊥ is described
by Eq. (5), the electron moves in the inverse direction
of the electric field E and the transverse velocity v⊥
will be built up gradually, giving rise to an acceleration
of electrons in the interaction process. Consequently, a
longitudinal force Fz due to the transverse velocity and
magnetic field is induced as follows:

Fz =
neEv⊥

c
. (6)

Because Fz is along the z-axis, the electron can be ac-
celerated in the z-direction. The situation will be dif-
ferent when vz > c/n, where the direction of F⊥ is al-
ternated and the transverse velocity v⊥ of the electron
will decrease. Besides, as suggested by Eq. (6), Fz does
not change its direction and the longitudinal velocity
can also be increased. According to Eq. (4), we have
dγ/dt = ev⊥E

/
m0c

2 > 0, and therefore the electron
can still be accelerated in this interaction stage.

From the practical viewpoint of charged particle
beam acceleration, the energy coupling between the
electron beam and the electromagnetic wave calls for

amplitude variation of the wave. So the electric field in
Eq. (1) must be modified as

E = E (z) cos (ωt− kz) ex+E (z) sin (ωt− kz) ey. (7)

In which E (z) is the variant amplitude of the electric
field. According to Faraday’s law, the associated mag-
netic field in Eq. (2) can be rewritten as

B = −n

k

∂

∂z
E. (8)

The electric field of the wave in Eq. (7) and the beam
current are connected by the wave equation

∂2

∂z2
E− n2

c2

∂2

∂t2
E =

4π

c2

∂

∂t
j⊥, (9)

in which j⊥ is the transverse current density of the
beam. According to the current continuation equation,
j⊥ can be presented as

j⊥ = −n0ev0

vz
v⊥, (10)

where n0 and v0 are the initial beam density and beam
electron velocity, respectively.

In order to simplify the self-consistent nonlinear
equations that describe the electron beam and electro-
magnetic wave interaction, we introduce the following
transformations and dimensionless parameters:
p = m0γv = p⊥ cos (ωt− kz + Φ) ex +
p⊥ sin (ωt− kz + Φ) ey +pzez, ξ = kz, w = 1− γ

γ0
,

A = eE/m0γ0ωc, β0 = v0/c, γ0 =
(
1− β2

0

)−1/2,
Ω0 = eB0/m0γ0c, p⊥ = m0γv⊥, pz = m0γvz,
p′⊥ = p⊥/m0γ0c, p′z = pz/m0γ0c, µ = Ω0/ω,
ω2

p = 4πn0e
2
/
m0γ0, I = β0ω

2
p

/
2nω2. Here, Φ is the

relative phase angle between the transverse velocity of
the beam electron and the electric field of the wave.

Combining Eqs. (3), (4) and (7)∼(10), we finally ob-
tain the following self-consistent nonlinear equations for
beam-wave interactions:

dw

dξ
=

Ap′⊥
np′z

cosΦ, (11)

dp′z
dξ

= −Ap′⊥
p′z

cosΦ− Ip′⊥
2

2n(p′z)
2 sin 2Φ, (12)

dp′⊥
dξ

=
(

1− 1− w

np′z

)
A cosΦ +

Ip′⊥
2np′z

sin 2Φ, (13)

dΦ
dξ

= 1+
µ + w − 1

np′z
−

(
1− 1− w

p′z

)
A sinΦ

p′⊥
+

I cos2 Φ
np′z

,

(14)

dA

dξ
=

Ip′⊥
np′z

cosΦ. (15)

The self-consistent nonlinear Eqs. (11)∼(15) provide
an efficient tool to study the interaction between an
electron beam and electromagnetic wave along the con-
stant guiding magnetic field in a tunnel inside the me-
dia.
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3 Numerical simulations

The self-consistent nonlinear Eqs. (11)∼ (15) can not
be solved analytically. However, these are a couple of
ordinary differential equation sets and will be solved
using the self-adaptive Runge-Kutta method. Since
we assume that the initial electron velocity is along
the z-axis, it is obvious that the initial conditions for
Eqs. (11)∼ (15) can be presented as
w|ξ=0 = 0, p′z|ξ=0 = β0, p′⊥|ξ=0 = 0, A|ξ=0 =
eE(0)

m0γ0ωc , and Φ|ξ=0 = π. It is worth noticing that with
the help of relation d/dt = kvzd/dξ, the variable ξ in
Eqs. (11)∼ (15) can be transformed easily to the inter-
action time t. In the following, some typical quantities
will be presented as functions of time t.

Fig.1 The relativistic factor γ and the relative phase

Φ vs. laboratory time t. Here, n0 = 2 × 109 cm−3,

n =1.1, E =5000 statvolt/cm, the guiding magnetic field

B0 =1000 Gauss, γ0 =1.0494, and the wave frequency

f =4.0×109 Hz

Fig.2 The relativistic factor γ and the relative phase Φ

vs. laboratory time t. Here, γ0=1.0146, and the wave fre-

quency f=3.0×109 Hz. The other interaction parameters

are the same as in Fig. 1

In Fig. 1 and Fig. 2, the relativistic factor and phase
as functions of t are given. For both lines, we take
n0 = 2 × 109 cm−3, n = 1.1, E = 5000 statvolt/cm,
and the guiding magnetic field B0 = 1000 Gauss; the
wave frequency f and initial relativistic factor γ0 are
4.0×109 Hz, 1.0494, and 3.0×109 Hz, 1.0146 for Fig. 1
and Fig. 2, respectively. From Fig. 1 and Fig. 2, we
can see that the maximum of the relativistic factor and

the corresponding time t (ns) are, respectively, 6.5769,
0.309, and 8.3719, 0.379. One can also see that the time
for the phase to reach Φ = π/2 is equal to the time for
the relativistic factor to reach maximum. The results
agree well with the theory, in which the beam electrons
are in the accelerating phase when π/2 ≤ Φ ≤ π, and
the maximum relativistic factors approach Φ = π/2.

In Fig. 3 and Fig. 4, the curves of coordinates x and
y vs. laboratory time t are presented, and the corre-
sponding interaction parameters are the same as those
in Fig. 1 and Fig. 2. From these two figures, the par-
ticle trajectory can be recognized as a helix-like line.
When the particle is running along the z axis, it rotates
and drifts in the x and y directions. Then the particle
exchanges energy with the electromagnetic wave, and
the particle can interchange its kinetic energy between
transverse and longitudinal movements. We can see
that for a higher frequency, the drifting distance x or
y is smaller, so we may choose a higher wave frequency
in practical applications for charged particle beam ac-
celeration in the tunneling of a dielectric medium.

Fig.3 The x coordinate vs. laboratory time t. Here, the

corresponding interaction parameters are the same as those

used in Fig. 1 and Fig. 2

Fig.4 The y coordinate vs. laboratory time t. Here, the

corresponding interaction parameters are the same as those

used in Fig. 1 and Fig. 2

The numerical results also show that the peak rela-
tivistic factor (the line with the solid circle) in Fig. 2
is higher than that in Fig. 1. This is due to the higher
wave frequency in the first case. Consequently, in the
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case of a lower wave frequency, the time for the relative
angle Φ to approach π/2 becomes longer. Therefore,
more energy can be transferred from the electromag-
netic wave to the electron, leading to a more efficient
acceleration of the electron in the interaction.

4 Conclusion

We analyzed the mechanism of the rectilinear
charged particle beam acceleration by a CPEW propa-
gating along a uniform guiding magnetic field in a tun-
nel inside the media with a refractive index of n > 1.
The self-consistent nonlinear equations which describe
the interaction between the beam and the electromag-
netic wave were presented. Numerical results show
that the particle can be efficiently accelerated. This
study may have potential applications to charged parti-
cle acceleration for the purpose of plasma or accelerator
physics.
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