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Abstract In this article an investigation is presented on the properties of dust acoustic (DA)
compressive solitary wave propagation in an adiabatic dusty plasma, including the effect of non-
thermal positive and negative ions and non-isothermal electrons. The reductive perturbation
method has been employed to derive the lower degree modified Kadomtsev-Petviashivili (mK-P),
3D Schamel-Korteweg-de-Vries equation or modified Kadomtsev-Petviashivili (mK-P) equations
for dust acoustic solitary waves in a homogeneous, unmagnetized and collisionless plasma whose
constituents are non-isothermal electrons, singly charged positive and negative non-thermal ions
and massive charged dust particles. The stationary analytical solutions of the lower degree mK-P
and mK-P equations are numerically analyzed, where the effect of various dusty plasma con-
stituents on DA solitary wave propagation is taken into account. It is observed that both the
ions in dusty plasma play a key role in the formation of DA compressive solitary waves, and also
the ion concentration and non-isothermal electrons control the transformation of the compressive
potentials of the waves.
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1 Introduction

Wave and instabilities in low temperature dusty plas-
mas have been widely studied in the last few decades,
since the presence of extremely massive charged dust
particles plays an imperative role in understanding
the electrostatic disturbances in space plasma environ-
ments as well as in laboratory plasma devices [!l. The
presence of dust grains in a two component electron-
ion plasma is responsible for the appearance of new
types of electrostatic waves, including solitary or shock
waves, and have been reported by many researchers in
both theoretical and experimental points of view =11,
One of these electrostatic waves is the low frequency
dust-acoustic (DA) mode in an unmagnetized dusty
plasma whose constituents are charged dust fluid and
Boltzmann distributed electrons and ions. It was Rao
et al. 2 who were the first to report theoretically the
existence of these DA solitary waves (SWs). They
showed the formation of a rarefactive type of DASWs
solution in dusty plasmas, and the predictions of DA
solitary waves were conclusively verified by laboratory
experiments ['3].  In continuation with this, Mamun
et al. ['4 investigated the nonlinear DA waves in a two
component unmagnetized dusty plasma consisting of a
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negatively charged cold dust fluid and isothermal elec-
trons. Lin et al. ' considered the non-thermal ions in
a dusty plasma to derive a Korteweg-de Vries (KdV)
equation for DA waves, and it was found that the non-
thermal ions have a very important effect on the prop-
agation of DA solitary waves. In another work of Ma-
mun 19 it was reported that the adiabatic effect of in-
ertialess electron and ion fluids has significantly modi-
fied the basic properties of DA solitary waves. In con-
tinuation of these, a number of theoretical investiga-
tions [7=2% have been made on DASWs by assuming a
three components unmagnetized dusty plasma consist-
ing of a negatively charged cold dust fluid and inertia-
less isothermal electron and ion fluids. These works are
valid only for a cold dust fluid with isothermal electrons
and ions.

It has also been confirmed from both theoretical and
experimental observations that the presence of negative
ions in dusty plasma plays an important role in many
aspects, including the charging of the dust particles. In
the experimental work of Adhikary et al. 1% the for-
mation of rarefactive DIAWSs under influence of nega-
tive ions in a dusty plasma was presented together with
their characteristic properties. In another study of Roy
et al. 21 on the role of negative ions with dust charge



fluctuation, by estimating the dispersion relation for a
DA wave it was shown that the low temperature neg-
ative ions can reduce both frequency and damping of
the dust acoustic waves.

Some numerical investigations on linear and non-
linear DAW showed a significant amount of ions be-
ing trapped in the wave potential, which implies that
there is a departure from Boltzmann ion distribution
and one would encounter vortex-like ion distribution in
phase space 227251, On the other hand, the nonlinear
behavior of electrostatic waves in a plasma with this
non-isothermal state 26=29) has received considerable
attention and has been studied by a number of authors
in the last few years in the context of unmagnetized
and magnetized plasmas %31, Mamun et al. 24 in-
vestigated the effects of vortex-like and non-thermal ion
distributions within the small amplitude regime by us-
ing the modified K-dV equation and they concluded the
possibility of the coexistence of large amplitude rarefac-
tive as well as compressive dust-acoustic solitary waves,
whereas these structures appear independently when
the wave amplitudes become infinitely small. Dorra-
nian and Sabetkar 32 reported that by increasing non-
thermal ion population, the amplitude of the solitary
wave decreases, while the width of solitary waves is in-
creased. Recently Dev et al. 33 also studied the effect
of non-thermal electrons and vortex-like electron distri-
butions in compressive, rarefactive solitary waves and
spiky solitary waves in a clod dusty plasma by deriving
the K-P equation and mK-P equations.

Very recently Adhikary et al. derived [*4 the mK-
dV equation in a warm dusty plasma containing non-
isothermal electrons and non-thermal positive and neg-
ative ions. So far as it is concerned, the solitary wave in
an unmagnetized warm dusty plasma containing non-
isothermal electrons and non-thermal positive and neg-
ative ions has not yet been studied in detailed 3D form
of mK-dV and Schamel-K-dV equation. In this paper,
a detailed investigation of the propagation characteris-
tics of a dust acoustic wave in an unmagnetized warm
dusty plasma containing non-isothermal electrons and
non-thermal positive and negative ions is reported with
derivation of the lower degree modified K-P, 3D form
of Schamel-K-dV or mK-P equation. Here the effects
of non-thermal ions as well as the non-isothermal elec-
trons are taken into account, and their thermal effects
are considered in an analytical treatment for the small
amplitude compressive solitary wave limit.

2 Basic and normalized equa-
tions

In the present plasma model we consider an elec-
trostatic dust acoustic solitary wave with extremely
low phase velocity which is followed by the negatively
charged massive dust particles. Here the pressure pro-
vides the restoring force and the inertia comes from
the dust mass. The dynamics of the dust particles in
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a one dimensional dust acoustic wave in such a dusty
plasma system can be described by the following basic
equations

on,
i V- (nata) =0, (1)
0 _ 1 44
<8t + g - V> Ugq + prap Vpq = TP (2)

0
(&-de-v)]?d-f—wdv'vd:&

V2p = dme (ne +ny — np + Zana) - (4)
The non-thermal number density of positive ion np,
negative ion n, can be described by the following rela-

tions,

Np = Npo (1 + ag + 049252) exp (—2p®), (5)

Nn = Nino {]— + OéUpéf) +« (0p¢)2} exp (Zn0p¢) ) (6)

witha = 4v1/1+ 3y and o, = T,/T,, where ng is
the number density of the negatively charged stationary
dust particles in plasma, Zq is the number of electrons
residing on the dust surface at equilibrium, pq is the
pressure of the dust fluid, e is the electron charge, m,
(my) is positive (negative) ion mass, 2z, (zn) is positive
(negative) ion charge state, vq is dust fluid velocity, T,
(T}) is electron (positive ion) temperature, kg is Boltz-
mann constant, ¢ is electrostatic potential, v; is the
population of non-thermal ions in the plasma. The adi-
abatic index v = 5/3 [=(2+4 D)/D, D is the number
of degrees of freedom] is due to the three dimensional
geometry of the system.

The non-isothermal electrons n, can be described by
the following relations

(7)
with g = T,/Te, b = 4(1 —~2)/3y/m > 0, where the
parameter o is defined as vo = Tor/Tot, in which Tof
and T, are temperatures of free electrons and trapped
electrons in the plasma, respectively. The parameter v
determines the nature of the distribution function, giv-
ing plateau if 72 = 0 and a dip if y5 < 0, and a hump
shape formed if v > 0. However, v2=1 corresponds
to the Maxwellian distribution of the electrons. In the
present plasma system the range of o will be consid-
ered as 0 < 9 < 1 for the non-isothermal electrons.

Now, considering Ny dust number density normal-
ized by its equilibrium value ngg, Vg is the dust-
fluid velocity normalized by cyq = (Zd/iBTp/md)l/Z,
¢ is the DA wave potential normalized by kpT,¢/e,
the time wvariable T is normalized by o dl

(md/47md0Z§e2)1/2, the space variable X is normal-
ized by A\py = (47md0Zd62/nBTp)1/2, pressure pq is
normalized by Py = nqokpTy and from Egs. (1)-(4) we
get

(8)

0 _
<6T+V'Vd>Nd=0,
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Ve V. P , 9
<8T+ dV> d+ Vi Vo (9)
iﬂ’/ \% P+§PV Va=0 (10)

T d d+gtd a=0,
V26 =p1oo— p2¢®? +p3d® + (Na— 1), (1)

with the overall charge neutrality condition

Neo — npo — Zdndo — Nno- (12)

And p, = npo/Zanao, oa = Ta/ZaTy, pn =
{Meﬂ + Mn(zn +

bue3*?, ps = Bpe/2 +
— pp(22/2 — az, + ) are

Nno/Zando, Neo/Zando = fe, P1 =

)~ ol — ).
pn(22/2 + aopzn + a(op)?)
considered.

3 Derivation of lower degree
modified K-P equation

Now, to derive the lower degree mK-P equation for
the propagation of small but finite amplitude DASW,
we use the standard reductive perturbation technique in
which the independent variables £ and 7 are stretched
as & = /(X = VT, n = €?Y, ¢ = /27 and
T = 3/4T, V} is the phase speed (normalized by cyq) of
the wave along the z-direction and ¢ is a small nonzero
constant measuring the weakness of the dispersion. The
dependent variables Ny, Vg, Pq and ¢ can be expanded
in power series of € as

Na=1+eN{® 432N 4+ (13)
=V 4 32y @ 4 (14)
Pa=1+¢ePM +372PP 4 (15)
¢ =epM 43292 4 ¢ ¢(3)...., (16)
Vay,. = 24V + VD 40 (17

Substituting the stretched co-ordinates and the ex-
pressions for Ny, Vy, Pq and ¢ into the normalized basic
equations Egs. (8)-(11) and equating the coefficients of
the lowest degree of ¢, i. e., (55/4) we get,

3VopW
v = 00 18
d (504 — 3VZ)’ (18)
3¢
N 19
d (504 — 3V3)’ (19)
P — L(l) (20)
(5Ud — 3VO )
Together with dispersion relation,
Vo =
5 n 1 }1/2
—0d .
3 {(ttp— pa = 1) B+ pin (20 + o) — pp(a—2p) } (21)
21
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From the next higher-order of ¢, i.e., (57/4),

(1) @) @) (1) &)
N N,
NG oNg ove® | (ove? oVt
or dE o¢ o a¢
(22)
vV av® ag®  ap®
or Ve T Tag Toige =0 Y
oPW  9PE) §avd<2)+§ ov? oyl .
or % o¢ "3 0¢ "3\ ony aC ’
(24)
o (ov) ovi) 3% 8% 92
o€ a¢ _(5001—3%2)( o o¢? )
(25)
P I 3 b /2 9 ()
- _ Z NP (2
aes Mo P2 (o) T gglNa - (26)
Substituting the values from Egs. (18) to (21) into

Egs. (22) to (26), followed by a straight forward elim-
ination of Nf), Vd(2)7 P@ | ¢ finally we obtain the
following lower degree mK-P equation

9 (9o ) 1/2 9
o ( or A (d) )
(27)

9 4, gPd
250 9260
TN

B P

23
on? o¢?
where, the nonlinear coefficient A, the dispersion co-
efficient B and the transverse coeflicient C' are given
by
p2 (3Vg —504)
D1 4Vy ’

(3VE — 5oq)
6p1Vo

%
A, = = , C= ?0
Eq. (27) represents the lower degree mK-P equa-
tion which describes the nonlinear propagation of the

DA waves in an electronegative dusty plasma with

non-thermal ions and non-isothermal electrons. To
find its solution we use the transformation y =
(1€ +mn+n¢ —Ur) and ¢ (&,1,¢, 7) = ¥ (x), then
the above equation becomes
d2 2
Bt f +[C (m* +n?) - Ul ¥ 24085 o,
dyx 3
(28)

To derive the required solution of the lower de-
gree modified K-P Eq. (27) we used the well-known
tanh-method and the transformation z = tanh () and
¥ (x) = W (z), then Eq. (28) becomes

24, 3/272 274 2 d°W
3 —W l+Bcl( ) L2

aw
dx

—Bllx (1 —332)

+{€ (m?+n?) —vt}w =0, (29)

For finding the series solution of Eq. (2
ing W(z) =

9), substitut-

> a,2PT" and using leading order analysis
r=0

of finite terms gives r = 4 and p = 0, and then W(z)
becomes W (z) = (ag + a1z + azz? + azz® + a2*)

{ao (1 — 22) }2. Now by referring to the value of W (z),



the required stationary solution of the lower degree mK-
P equation is

M) = ¢y sech? <X> ,

(30)
w1

225
64
w; =4 {313/{Ul +C (m2 + n2) }} * are the amplitude
and width of the solitary waves, respectively, and I,
m, n represent the direction cosines of the angle made
by the propagation direction with the x-axis, y-axis and
z-axis and U is the velocity.

The non-isothermal effect enhanced the amplitude
of the lower degree mK-P equation solution but not its
width. Since ¢,,1 is always positive, therefore the so-
lution of the lower degree mK-P equation admits com-
pressive solitions only.

where ¢,,1 = [{Ul +C (m2 + n2)}/A1 lzr and

4 Derivation of modified K-P
(3D form of Schamel-K-DV)
equation

For some particular plasma parameters, particularly
for Maxwellian electrons if A; = 0 i.e. b = 0, then the
amplitude of the lower degree mK-P equation ¢,,,; — o0
and the lower degree mK-P equation does not offer
a soliton solution. The lower degree mK-P equation
is, therefore, inadequate, and we have to find another
equation in a different degree to study the nonlinear
properties of the DA waves. So for further amplifi-
cation we familiarize with b = /2b; ie. by # 0
(Schamel [26=291) The non-isothermal electrons n, can
be described by the following relations

Ne = TNeo {1 + (B) —e2by (Be)*/ 2 + % (B)* — ....... } .

The normalized Eq. (11) becomes
V20 =p1¢ — pyo™? + ps¢® + (Na — 1).

We use the standard reductive perturbation tech-
nique in which the independent variables &, n, ¢ and T
are stretching as & = e'/2 (X —VT), n =Y, ( =eZ
and 7 = &3/2T, V; is the phase speed (normalized by
¢sq) of the wave along the z-direction and ¢ is a small
nonzero constant measuring the weakness of the disper-
sion. The dependent variables Ng, Vg, P4 and ¢ can be
expanded in the power series of ¢ as

(32)

Na=1+eN{" +2NP + . (33)
Var = eV +2v 4 (34)
Pi=1+ePM +2PP .., (35)

¢ =epM + 2@ 4 303 (36)
Vage = 22V +2vE 4+ 0 (37)
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Using the above stretching coordinate together with
the variable expansion of Egs. (33)-(37) in the normal-
ized basic Eqs. (8)-(10), (32) and collecting the coeffi-
cient of the terms of the lowest degree of ¢, i.c., (¢/2),
we obtain the same result as Eqgs. (18)-(21). However,
for the higher degree of ¢, i.e., (55/2),

1) (1
oNg" Ve ON? . ov® 0 (Vd( Ny ))
or ¢ o€ €
vt v
+< rmir ol (38)
vy _Voan(Q) _VONu)an(l) +V(1)5Vd(1)
or o€ d THe d ¢
B 9P (1)a¢(1) opP®
- 85 d aé- —0d ag ) (39)
oPV  _oP® 4 0P® 50V 5 ov)
_ > 5pm Ve’
ar Ve TVa e T3Tae T3l e
5 (oviV aviVY
+3< el Bl (40)
926M 2 2
e =216 =5 (90) pa (6) N, (a1)
o (ovh aviH 3V 226 92
oc\ anp o _(5ad—3V02)< on? o¢?

(42)
Substituting the values from Egs. (18) to (21) into
Egs. (38) to (41), followed by a straightforward elimi-
nation of NSQ), Vd(Q), P@ ¢ finally we obtain the
following new form mK-P equation,

9 (M e 3 9ot (1)3¢(1) PP
ag( ar T4 (o”) g T 5 1B 653)
9261 52pM)

where the dispersion coefficient B and transverse coeffi-
cient C' are the same as before and nonlinear coefficients
A}, Ag are derived as

A/ o ]ié (3V02 - 50’d)
o A
(504 — 3V7) ps

A
2 3p1

B i{ 27V — 504
Vo L6 (504 — 3Vp)

with p/2 = blﬂeﬂ3/2 .

Eq. (42) represents the mK-P equation which de-
scribes the nonlinear propagation of DA waves in an
electronegative dusty plasma with non-thermal ions
and non-isothermal electrons. The required stationary
solution of the mK-P equation is

_ 441
~Lis(crr+Uul-C)

16(A1)?

)
¢ { 225(CIZ + Ul — C)2
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" Ay }% cosh(l)} -2 (44) Fig. 5 shows the variation of solitary wave profile ¢()

3(C2+Ul-C) wa ’ for the lower degree mK-P equation with the variation

. of non-thermal ion concentration v, and spatial variable

B? 2 x. Fig. 5 clearly depicts that, with increasing values of

where w; =2 (CW) the population of non-thermal ion concentration ~;, the

The above solution of the mK-P equation depends amplitude of compressive solitary waves from the lower
on the nonlinear coefficient A} and Ay where the non- degree mK-P equation decreases.

linear coefficients A} and Ay can be positive, zero or
negative depending on the difference of the plasma pa-
rameter under different conditions. For negative values
of As the above expression gives a complex amplitude,
which will not allow the formation of any solitary wave.
Therefore the solution of mK-P Eq. (42) gives us com-
pressive solitary waves only when Ay is positive.

5 Results and discussion
We analytically examine the dependence of the lower

degree mK-P, K-P and higher degree mK-P to explain
the propagation of an electrostatic solitary wave for var-

ious dusty plasma parameters. Here the dust particles Fig.1 The effect of the variation of positive ion density
in the plasma are considered as uniform in size and neg- ratio up and negative ion density ratio u, on the phase ve-
atively charged, while the background plasma includes locity Vo

singly charged positive and negative ions. Fig. 1 shows
the effect of the variation of positive ion density ratio i,
and negative ion density ratio u, on the phase velocity
Vo. Here, the other plasma parameters are considered
as mp:40><1.6><10*27 kg, neo=4x10"* m~3, Npy =
5.4 % 10 m=3, nyo = 3.0 x 10, nqp=1.2x10" m—3,
Zao = 1.5 x 10%, T.=1.5 eV, T; =0.1 eV 919 Fig. 1
clearly depicts that the phase velocity decreases with
the enhancement of positive ion density ratio u, and
negative ion density ratio p,. In Fig. 2, we depict the
effect of the variation of dust and ion temperature ra-
tio o4 and ions and electron temperature ratio 5 on the
phase velocity A\. The phase velocity decreases with the
dust temperature ratio. Here we consider dust temper-
ature as a constant. That is why the phase velocity

decreases with the temperature of the ions. Similarly Fig.2 The effect of the variation of dust and ion tempera-
it is clear from the figure that the phase velocity in- ture ratio o4 and ions and electron temperature ratio 3 on
creases as the ions and electron temperature ratio the phase velocity Vj

decreases. Fig. 3 clearly depicts that the amplitude of
lower degree mK-P ¢,,1 increases with the enhance-
ment of positive ions density ratio u;, and negative ion
density ratio p, It can be concluded from the figure
that the lower degree mK-P equation gives the com-
pressive solitary waves whose amplitude increases with
the values of positive and negative ions density.

Fig. 4 clearly depicts that the compressive solitary
waves profile of the lower degree mK-P equation de-
creases with the enhancement of positive ions temper-
ature ratio 8. Here the positive ions temperature ratio
increases since we have kept electron temperature as a
constant in the ratio i.e. the ion temperature increases
as it reflects more ions. We conclude that by increasing

the number of ions, under the same plasmas parame- Fig.3 The effect of the variation of positive ion density
ter, the amplitude of the lower degree mK-P equation ratio pp and negative ion density ratio pn on the amplitude
solution decreases. of lower degree mK-P, ¢,,1

725



1000

Fig.4 The variation of compressive solitary wave profile
¢ with the ion temperature ratio 8 for the lower degree
modified K-P equation
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Fig.5 The variation of compressive solitary wave profile
¢)<1) with the non-thermal ion concentration 7; for the lower
degree modified K-P equation
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P 1000

Fig.6 The variation of compressive solitary waves profile
&™) with the trapped electron concentration 72 for the lower
degree modified K-P equation

Fig. 6 shows the variation of solitary wave profile ¢(*)
of the lower degree mK-P equation with the variation
of non-isothermal electron concentration ~,. This fig-
ure reveals that the amplitude of the compressive soli-
tary wave increases with the enhancement of the non-
isothermal electron concentration v,. Here the trapped
(non-isothermal) electrons temperature increases since
we have kept the free electron temperature as a constant
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in the ratio of the non-isothermal electron concentra-
tion 7. i.e. by increasing the trapped (non-isothermal)
electrons temperature under the same plasmas param-
eter the solitary waves profile of the lower degree mK-P
equation increases.

6 Conclusion

In the present work we have investigated the proper-
ties of dust acoustic (DA) solitary waves in a warm adia-
batic dusty plasma in the presence of positive and neg-
ative non-thermal ions and non-isothermal electrons.
The reductive perturbation method is employed to de-
rive the lower degree mK-P equation and the mK-P
equation for dust acoustic solitary waves, and the sta-
tionary analytical solutions of the lower degree mK-P
and mK-P equations are numerically analyzed, and the
effect of various dusty plasma constituents on DA soli-
tary wave propagation is taken into account. It is con-
cluded that, both positive, negative ions density ratio,
ions temperature ratio, ion concentration v; and elec-
tron concentration o all play an important role in the
formation of DA solitary waves. Also we observe that,
in the presence of trapped electrons, the compressive
solitary wave amplitudes decrease with the enhance-
ment of the number of ions and the compressive solitary
wave amplitudes increase with the enhancement of the
trapped electrons temperature.
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