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Abstract
Using the linearized relativistic Vlasov–Maxwell equations, a generalized expression for the
plasma conductivity tensor is derived. The dispersion relation for the O-mode in a relativistic
degenerate electron plasma is investigated by employing the Fermi–Dirac distribution function.
The propagation characteristics of the O-mode (cut offs, resonances, propagation regimes,
harmonic structure) are examined by using specific values of the density and the magnetic field
that correspond to different relativistic dense environments. Further, it is observed that due to the
relativistic effects the cut off and the resonance points are shifted to low frequency values, as a
result the propagation regime is reduced. The dispersion relations for the non-relativistic and the
ultra-relativistic limits are also presented.
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1. Introduction

The O-mode (ordinary wave) is a high frequency electro-
magnetic mode that propagates perpendicular to the ambient
magnetic field. As E B1 0, so wave dynamics is not affected by
the magnetic field (fluid theory) but the role of the magnetic
field becomes significant when we include ( >n 1) higher
order harmonics (kinetic theory). The ordinary waves have
been studied extensively for a large number of applications
including electron cyclotron resonance heating in tokamaks,
ionospheric heating experiments and electron cyclotron
heating in the magnetically confined plasma [1–3]. In the non-
degenerate (classical) magnetized plasmas the ordinary waves
have been studied by using either kinetic or fluid approach
[4–7]. The dispersion relation of the O-mode for the ultra-
relativistic plasma was studied both for the weak and strong
magnetic field limits. In the strong magnetic field limit, it was
observed that the damping becomes noticeable for small
values of the wave number, k, but with increase in the
strength of magnetic field it is reduced. In case of the weak
magnetic field, the wave characteristics remain the same as

that for the non-relativistic plasma [8, 9]. The growth rate and
propagation characteristics of the O-mode were investigated
by Zaheer et al in a homogeneous relativistic plasma
environment [10]. Bashir et al examined modification of the
O-mode due to the temperature anisotropy by Vlasov
approach for the non-relativistic (Maxwellian) plasma [11].
Cairns et al derived a relativistic theory for the damping of the
O-mode and observed that due to the relativistic mass varia-
tion the resonance points spread out [12]. Pesic et al studied
absorption and propagation characteristics of the O-mode in
the relativistic plasma by numerical techniques. It was
observed that at temperature –=T 200 500 keV, the cut off
density becomes two to four times as compared to the cut off
density for the cold plasma [7]. Farrel et al presented a theory
of the O-mode by using bi-Maxwellian distribution function
for application to interplanetary type II. It was observed that
the electrons resonate with the wave because its phase speed
becomes very low in different environments like planetary
magnetospheres [13].

There exist some plasma environments with high particle
densities, where degenerate effects may play an important
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role on the propagation characteristics of the waves [14]. In
recent years, the degenerate (quantum) plasma has received
much importance due to its applications in different envir-
onments, including laboratory plasmas (fusion experiments)
and astrophysical plasmas (white dwarfs, neutron stars).
Although it is a growing research field but only a limited
literature has appeared for the O-mode in the degenerate
plasma. Alexandrov et al, analyzed the propagation char-
acteristics of the ordinary wave in the non-relativistic
degenerate electron plasma for  w w wp

2
c
2 2 where

w p= n e m4p 0
2

0 is plasma frequency and w = eB m cc 0 0
is cyclotron frequency. By taking the contribution of n=0
term and using limit 

w
1kvF

c
(vF is Fermi velocity), it was

noticed that the high density plasma becomes transparent for
the propagation of low frequency waves [15]. The dynamics
of the ordinary wave for the relativistic dense electron plasma
in a weak field limit (w w>p c) was examined by Abbas et al.
The effect of equilibrium magnetic field is minimized due to
the relativistic effects, that results in shifting of the cut offs
and resonances to the lower frequency regions [16]. Recently
O-mode instability in the magnetized degenerate (anisotropic)
plasmas is studied by using kinetic treatment [17].

In the degenerate plasmas, the equilibrium number density
of the constituent particles is much higher than in the non-
degenerate plasmas. So for the degenerate plasmas, Fermi
statistics is used instead of the Maxwell–Boltzmann statistics.
The main ingredient of the Fermi statistics is the Fermion i.e.,
spin half particle. The degenerate plasmas can be found in
highly dense environments like neutron stars, magnetars
and white dwarfs. In the non-degenerate plasmas, average
spacing between particles is large (i.e., low particle con-
centration) as compared to the thermal de-Broglie wavelength
(l p= h mk T2 B ), so the wave functions will not overlap.
Whereas in the degenerate plasmas, the equilibrium number
density of the constituents is so large that the average inter-
particle distance becomes comparable to the thermal de-Broglie
wavelength. As a result the wave functions will overlap and
particles will become indistinguishable. So we can say that for
l >n 13 the degeneracy effects come into play [14, 18].

The present work is organized as follows: In section 2,
we present the mathematical formalism for the generalized
expression of the plasma conductivity tensor. In section 3, we
present a generalized expression for the O-mode in the
relativistic degenerate electron plasma along with some
limiting cases. Finally, in section 4, we give graphical ana-
lysis of the dispersion relations and discuss some important
results. In section 5, a conclusion of the manuscript is
presented.

2. Mathematical formalism

After linearizing Maxwell’s equations, we get

( · ) ( )w p w- + = -c k cE E k k E J4 i , 12 2 2 2

where the current density is given by

·s=J E,

or we can write it in component form

( )s=J E , 2i ij j

where sij is the plasma conductivity tensor. Using equation (1)

[( ) ]w d p ws- + + =c k c k k E4 i 0,ij i j ij j
2 2 2 2

where

( ) ( )w d p ws= - + +R c k c k k 4 i , 3ij ij i j ij
2 2 2 2

Rij is a dyadic that can be written in the form of a 3×3
matrix.

( )¹ =E RAs 0, so 0. 4j ij

From the linearized relativistic Vlasov equation [19],
given as
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we get the expression for the plasma conductivity tensor sij

(in spherical polar coordinates) [19], given by
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where v is the relativistic velocity, w gW = c is the rela-
tivistic electron cyclotron frequency and the relativistic

factor is given by g = + p m c1 2
0
2 2 .

3. Generalized expression for the O-mode

In order to study the O-mode by using kinetic theory, we
need zz component of the plasma conductivity tensor [19],
given by
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where Jn is the Bessel function and z = Wk vx . As the
O-mode is a perpendicularly propagating mode, so we
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will take =k 0z in the above equation. After perform-
ing angle integration and using summation over n, we
obtain
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In order to solve the above integral, we have used
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hypergeometric function.

3.1. Relativistic degenerate (quantum) case

To represent highly dense environments, the Fermi–Dirac
distribution function is used.
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where E is the relativistic energy. The relativistic Fermi
energy (EF) [16] is given by

= +E p c m c ,F
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where pF is (magnitude of) the relativistic Fermi momentum.
It can be easily checked that in the limit T 0, the derivative
of the above distribution function takes the form of a step
function, which means that all energy levels below the Fermi
energy are filled and those above are vacant [15].
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where δ is the Dirac delta function and ÿ is reduced
Planck’s constant. For the relativistic case, we can write
equation (8) as
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where p=n p 30 F
3 2 3 [14, 16, 20–23]. Using the value of szz

from equation (13) in equation (3), we get the expression for
the O-mode in the relativistic degenerate plasma.
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From equation (14), we can discuss two special cases i.e., the
non-relativistic case and the ultra-relativistic case. The
quantum relativistic effects can be defined by the parameter
p m cF 0 . For the non-relativistic case we have p m c 1F 0 ,
for the semi-relativistic case <p m c 1F 0 , for the relativistic
case >p m c 1F 0 and for the ultra-relativistic case

p m c 1F 0 [14, 22, 24].

(1) Non-relativistic degenerate case. For the non-relativis-
tic degenerate electron plasma ( p m cF 0 ), the
dispersion relation of the O-mode takes the form
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where vF is the Fermi velocity.
(2) Ultra-relativistic degenerate case. For the ultra-relati-

vistic degenerate electron plasma ( p m cF 0 ) the
dispersion relation of the O-mode takes the form
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where w = eB pcF 0 F and w p= n e c p4pF 0
2

F are the
cyclotron frequency and the plasma frequency for the
ultra-relativistic degenerate case [16].

4. Graphical representation and discussion

For the graphical representation of the O-mode we choose
different values of the equilibrium number density and the
magnetic field that correspond to various environments. One of
the environments is a white dwarf where the magnetic field and

the equilibrium number density may vary in different regions
[14, 25]. The equilibrium number density of electrons in the
outer mantle of a white dwarf is in the range –10 1026 28 cm- ,3

so they can be treated as non-relativistic. On the surface of a
white dwarf the electrons are relativistic corresponding to the
equilibrium number densities in the range –10 1029 31 cm- .3

Similarly in the core of a white dwarf electron’s equilibrium
number density is in the range –10 1032 34 cm- ,3 which is the
ultra-relativistic case. The temperature of a white dwarf in
the outer mantle, surface and core lies in the range

–10 10 K7 9 [26].

4.1. Non-relativistic degenerate case

In figure 1, a plot of the O-mode in the quantum (degenerate)
case is presented (using equation (15)). For the degenerate
case we use the parameters of the white dwarf environment
i.e., = ´n 2 100

26 cm−3 and =B 100
9 G. We can easily

observe that the O-mode is propagating in the non-relativistic
degenerate plasma at much higher frequency. As the degen-
erate plasmas are extremely dense, so the ratio of the plasma
frequency to the cyclotron frequency is high i.e., =w

w
45.38p

c
.

In figure 2, we have presented a plot between w
c kx

2

2 2 (inverse of

the square of refractive index) and w
wp

for the non-relativistic

degenerate case. The graph presented in figure 2 is similar
to the ones given in the text books for non-relativistic case
[2]. To observe the harmonics of the electron cyclotron

Figure 1. Plot of ω versus ckx for the O-mode in the non-relativistic
degenerate plasma with the equilibrium number density = ´n 20

1026 cm−3 and the equilibrium magnetic field =B 100
9 G.
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frequency in the non-relativistic degenerate plasma we use
equation (15). If we reduce the propagation regime in figure 1
and focus on the lower values of the normalized frequency

( )w
wc

we will get the cyclotron harmonic resonance structure

which is shown in figure 3. The dispersion curves in figure 3
are obtained by keeping summation on n ( –=n 1 3) in
equation (15). The dispersion curves show that the wave is
propagating exactly at the harmonics of the electron cyclotron
frequency.

Ichimaru et al analyzed the behavior of the O-mode in a
non-relativistic non-degenerate plasma for w wp c and
w wc p. The dispersion curves in our case are in excellent

agreement with the curves given by Ichimaru for the low
values of density [27]. At higher densities the curves become
oscillatory for large values of k.

4.2. Relativistic degenerate case

There are several references available for the relativistic
non-degenerate case. Some authors have studied the propa-
gation characteristics of the O-mode for the relativistic
Maxwellian plasma in different electron temperature ranges
by using numerical techniques [7]. Zaheer et al derived the
dispersion relation of the O-mode for a strongly magnetized
case by using the asymptotic value of the Bessel function

Figure 3. The dispersion characteristics of the O-mode around the
first three harmonics of the electron cyclotron frequency in the non-
relativistic degenerate plasma. Each dispersion curve corresponds to
a different value of equilibrium number density for the first three
harmonics. The equilibrium magnetic field is constant i.e.,

=B 100
9 G.

Figure 2. Plot between inverse of the square of refractive index ( )
=w

c k n

1

x

2

2 2 2 and w
wp

for the O-mode in the non-relativistic degenerate plasma

with the equilibrium number density = ´n 2 100
26 cm−3 and the equilibrium magnetic field =B 100

9 G.
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[10]. Abbas et al analyzed the O-mode for a weakly mag-
netized case [9].

In a degenerate plasma the equilibrium number density
will decide whether we are in a weakly relativistic (1029 cm−3),
relativistic (1030 cm−3) or strongly relativistic (1031 cm−3)
regime. In the relativistic degenerate case the Fermi momentum
is greater than the rest mass momentum (i.e., >p m cF 0 ), so
we have to choose the density in the range –10 1029 31 cm−3.
We can find such densities in the white dwarf environment
where the magnetic field is of the order of 1010 G. The graphs
presented in figures 4–6 show that the dispersion curves do not
occur at the exact harmonics of the electron cyclotron fre-
quency instead they are shifted downward due to the Lorentz

factor. In figure 7, we present a plot between w
c kx

2

2 2 and
w
wp

for the

weakly relativistic (2×1029 cm−3), relativistic (2×1030

cm−3) and strongly relativistic (2×1031 cm−3) degenerate
plasma. In the non-relativistic degenerate case shown in
figure 2, it can be seen that the cut off occurs exactly at w w= p

whereas in figure 7 (relativistic degenerate case) the cut off
occurs at w w< p due to the relativistic variation of the mass.
As the equilibrium number density increases, the cut offs shift
to the lower values of frequency as expected. We have used

=
w

4.5, 2.2, 0.9ckx

c
for the weakly relativistic, relativistic and

strongly relativistic cases, respectively.

Figure 5. The dispersion characteristics of the O-mode around the
first three harmonics of the (electron) cyclotron frequency in the
relativistic degenerate plasma with = ´n 2 100

30 cm−3 and
=B 100

10 G.

Figure 6. The dispersion characteristics of the O-mode around the
first three harmonics of the (electron) cyclotron frequency in the
strongly relativistic degenerate plasma with = ´n 2 100

31 cm−3

and =B 100
10 G.

Figure 4. The dispersion characteristics of the O-mode around the
first three harmonics of the (electron) cyclotron frequency in the
weakly relativistic degenerate plasma with = ´n 2 100

29 cm−3 and
=B 100

10 G.
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4.3. Ultra-relativistic degenerate case

In the ultra-relativistic degenerate case ( p m cF 0 ), the
corresponding equilibrium number densities lie in the range

–10 1032 34 cm−3 and the value of the equilibrium magnetic
field that we have chosen is 1012 G. The dispersion relation of
the O-mode in the ultra-relativistic degenerate plasma is given
by the equation (16). To plot this dispersion relation we have
normalized w and ckx by wcF and we are taking w wpF cF

instead of w wp c. In figure 8, we have presented the harmonic
structure of the O-mode in the ultra-relativistic degenerate
plasma. The cyclotron harmonics become more oscillatory in
the ultra-relativistic case as compared to the non relativistic
case as shown in figure 8. The graph presented for the ultra-
relativistic degenerate case (figure 9) is exactly the same as
that of figure 2 but here we have normalized it with a different
parameter. The O-mode is propagating for w w> ;pF at
w w= pF there is a cut off and beyond the cut off point i.e.,
w w< pF there is a non-propagation region.

5. Conclusion

Using the linearized relativistic Vlasov–Maxwell equations, the
dispersion relation of the O-mode in a relativistic degenerate
electron plasma is derived along with two limiting cases.
The results are analyzed and discussed for non-relativistic,

Figure 7. Plot between inverse of the square of refractive index ( )
=w

c k n

1

x

2

2 2 2 and w
wp

for the O-mode in the weakly relativistic, relativistic and

strongly relativistic degenerate plasma with the equilibrium number density –= ´ ´ -n 2 10 2 10 cm0
29 31 3 and the equilibrium magnetic

field =B 100
10 G.

Figure 8. The dispersion characteristics of the O-mode around the
first three harmonics of the (electron) cyclotron frequency in the
ultra-relativistic degenerate plasma with = ´n 2 100

32 cm−3 and
=B 100

12 G.
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relativistic (weakly relativistic, relativistic, strongly relativistic)
and ultra-relativistic electron plasma, whereas the ambient
magnetic field ranges from 109−1012 G. It is observed that
unlike non-relativistic degenerate case, the dispersion curves
are shifted downward due to the Lorentz factor in the relati-
vistic degenerate case. Further, as we move from weakly
relativistic to strongly relativistic regions, a shift in cut-off and
resonance points to lower frequency values is observed due to
the relativistic effects.
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