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Abstract
Floating potential fluctuations of glow discharge magnetized plasma are found to expose mixed
mode oscillations (MMOs) in the existence of plasma bubble. Plasma bubble has been formed by
emerging density gradient in the form of a sheath around a cylindrical and spherical grid to a
critical value of applied potential. Two Langmuir probes, LP1 and LP2, are retained in the
ambient plasma to collect the plasma floating potential fluctuations at two different locations of
the plasma system. The perceived instability pattern shows regular-irregular-regular MMOs
under various imposed conditions. Furthermore, various nonlinear techniques such as phase
space plot, recurrence plot and Hurst exponent have been executed to understand the underlying
dynamical behavior of the system. Low-frequency (∼200–1200 Hz) oscillations are also
supposed and are inferred as ion-acoustic waves excited by ionization instability. The observed
results are then validated with the theory of the instability based on a fluid hydrodynamic
approach.
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1. Introduction

The sheath phenomenon in plasmas is a broad topic of interest
ranging from laboratory to space plasmas. A sheath arises at
the interfaces between plasma and a solid or electrode, which
serves to control fluxes of electrons and ions. Initially, a
plasma sheath was originated for plane geometries [1] and
later on expanded to various geometries such as cylindrical
[2] and spherical [3]. The importance of introducing a grid is
of great interest for ion beam sources [4], velocity analyzers
[5], electrostatic confinement schemes [6] and antennas for
electrostatic waves. In a double plasma device, low-frequency
waves are impulsively excited in a double layer generated by
ion injection into the target chamber [7]. Stenzel et al [8, 9]
have reported several experimental studies on plasma bubble
by introducing a spherical mesh grid in ambient plasma.
Double sheath study has been done by biasing the mesh grid
negatively and is termed plasma ‘bubble’. Glow discharge

plasma is the best stage to study and comprehend various
nonlinear phenomena such as a complex, chaotic dynamical
system, etc. Since various dynamical processes take place in
the plasma, it becomes favorable to the excitation of waves
and instabilities [10].

The source of the instability arises when the system is
perturbed by a controlling parameter where various nonlinear
phenomena viz. quasi-periodic, period doubling, mixed mode
oscillations (MMOs), canard oscillations, etc, can be observed
experimentally in many physical, chemical, biological sys-
tems, etc [11]. Nevertheless, only a few plasma experiments
have exposed such kinds of phenomena. Moreover, most of
the nonlinearity relies on the excitability of plasma, which can
perform in the glow discharge plasmas. We could observe the
nonlinear phenomena such as stochastic resonance, coherence
resonance, period doubling, order to chaos oscillations [12],
irregular to regular mode oscillations [13] and other pertur-
bation-boosted nonlinear phenomena [14, 15] whenever the
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plasma is disturbed in its excitable state using any control
parameter, noise or a periodic signal. It is understood that if
the system is perturbed using noise, discharge voltages,
external magnetic field, etc, it shows MMO. The oscillation
occurs when a dynamical system shifts from fast to slow
motion and vice versa and hence, the small and large ampl-
itude can be called an MMO [16]. MMOs can execute in
several systems in nature and may be simple or complex.
MMOs of this type are omnipresent in nature; during the
1970s, experimentation first took place with Belouzov–Zha-
botinsky (BZ) chemical reactions. MMOs are also initiated in
chemistry on surface chemical reactions, in medicine on
neural systems, electro cardiac dynamics, etc. Mikikian et al
[17] reported the study and existence of MMOs in dusty
plasmas in the beginning. The evolution of interspike interval
and its frequencies has been explored. Observation of MMOs
in glow discharge has been reported [18] and there are two
kinds of oscillations, i.e. small quasi-periodic oscillations and
MMOs in the presence and absence of a magnetic field. The
formation of MMO in a system has been explained by Hud-
son et al [19] in BZ reaction in a well-stirred flow reactor.
Multi-peaked states denoted as MMO and their appearance
are of two distinct modes of oscillation: small-amplitude
nearly harmonic oscillations and large-amplitude relaxation
oscillations. An occurrence of MMOs is based on slow
manifold models. When a system is characterized by time
scales, which differ by several orders of magnitude, the sys-
tem will devote most of the time on a surface in phase space
on which the motion is relatively slow. When the system is
disturbed away from the surface, it will in contrast relax very
fast. MMOs ascend when the dynamics on the slow manifold
is oscillatory and there is no attractor within the slow mani-
fold. However, well-known techniques for the nonlinear time
series analysis such as power spectrum and Lyapunov expo-
nent [20] can extract only global and asymptotic properties of
the system and they are idle for separating local structures.

Generally, exciting phenomena such as intermittency or
MMOs can arise from the nonlinear interaction of different
kinds of ionization waves. In this work, an attempt has been
made to study the characteristics of observed MMOs and their
induced ionization instability in glow discharge magnetized
plasma. Plasma floating potential fluctuations (FPFs) are
collected at two different positions and it is found that it
shows a transition from regular to irregular to regular MMOs
with increasing discharge voltage (Vd) keeping the magnetic
field fixed. As the discharge voltage gradually increases,
initially regular MMOs are noted. Further increasing Vd, the
FPF grows as regular to irregular to regular MMO. A quali-
tative understanding has been gained from the power spec-
trum, phase space plot (PSP) and recurrence plot (RP). The
PSP reveals that the fluctuations have large and small loops
with respect to the discharge voltage. Visual changes in the
RP are the noble method to detect the transition in FPF. But,
for quantitative knowledge, we have carried out Hurst expo-
nent analysis, which explains the system has different types of
oscillations. From fast Fourier transform, we have also found
that the existing frequencies are low and are comparable
with ionization wave frequencies. However, the observed

low-range frequency sustains the properties of ion-acoustic
waves. Such waves are excited by ionization instability. In
order to understand the excited wave and its growth rate,
numerical modeling has been done and it has been found that
ion viscosity is responsible for creating such low-frequency
ionization instability.

The layout of this work is as follows. Section 2 shows the
experimental setup. In section 3, experimental results are
presented followed by analysis and discussion. Section 4
contains the numerical modeling and section 5 gives the
conclusion of the work.

2. Experimental setup

Figure 1 demonstrates the plasma chamber in which we have
a cylindrical stainless-steel chamber 50 cm in length and
40 cm in diameter. Two mesh grids of different shapes, viz. a
cylindrical one 20 cm in height and 15 cm in diameter and a
spherical one 15 cm diameter with 80% optical transparency
are located in the middle of the chamber. The cylindrical mesh
grid is the cathode and the spherical mesh grid is the anode,
which is connected to the constricted electrode. Once the
chamber is evacuated to a base pressure of 9.2×10−3 mbar, it
is occupied by Ar gas to a pressure of 2.3×10−1 mbar.
Plasma is created by a DC power supply, which can be
changed from 0 to 1000 V. But for this particular study, it is
operated in the range of 240–280 V. The magnetic field is
produced using Helmholtz coil looped around the plasma
chamber. The diagnostic tool, viz. a Langmuir probe of 2.0 mm
diameter is used to measure the plasma FPFs. The plasma
density and electron temperature are found to be of the order of
108 cm−3 and 1−3 eV. Two Langmuir probes, viz. LP1 and
LP2 are retained in different fixed positions to examine the
dynamical transition of the FPFs inside the spherical mesh grid
and in between the cylindrical and spherical mesh grid. The
signals picked up by the Langmuir probes are acquired by the
FPF data directly in the oscilloscope with a bandwidth up to
400 MHz and storage up to 2.58×106 samples.

Figure 1. Schematic diagram of the experimental setup.
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3. Experimental results and analysis

The experiment that has been carried out in the argon gas
shows interesting features for increasing the discharge vol-
tages (Vd) from 240 to 280 V at 52 G magnetic field and Vd

has been taken as a controlling parameter. The dynamics of
the oscillations is delicate to the controlling parameter and
with the variation of such parameters. Thus, it illustrates
regular to irregular to regular MMOs. The observed MMOs
could be attributed to a situation where the ionization
instability occurs. As the discharge voltage increases, the
system is favorable for the growth of ion-acoustic instabilities
[21]. This is because when the discharge is formed initially,
single mode with small peaks is observed, as Vd increases the
number of modes in the oscillations. The MMO pattern
characterized by large (L) and small-amplitude (s) oscillations
is denoted by Ls. Accordingly, it is observed that the pattern
takes the form of 161111. This is attributed to the ionization
instabilities. This signifies that there is an increase in the
density and therefore there is an ion-acoustic turbulence
related to ionization instabilities.

The plasma FPFs have been measured at two different
positions in between the spherical and cylindrical mesh grid
(LP1) and near the chamber wall (LP2), which exhibit the
behavior of MMOs. In this study, discharge voltage is taken
as a control parameter with fixed magnetic field 52 G.
Figures 2(a1)–(e1) show the observed time series by LP1, i.e.
in between the spherical and cylindrical grid. At low dis-
charge voltage Vd=240 V, a single period of oscillations
with much lower amplitude fluctuations are initiated with
clearly separable amplitudes, as shown in figure 2(a1). The
large and small oscillations do not follow any sequential
recurrence at 250 V. Hence, they can be considered as irre-
gular MMOs, since the periodicity is lacking. The scenario of

FPF at 250 V has the oscillation block-like 1511 along with
oscillation 1510 and so on. The FPF at 260 V is also an
irregular MMO and its oscillation blocks are initiated with the
pattern 1411 then 1511 in a random manner. Further increasing
the discharge voltage to 270 V, an order blocks as 161111 and
its recurrences can be understood in the entire time series, as
shown in figure 2(d1), which transform into regular MMOs
from irregular MMOs. At around Vd=280 V, again a regular
MMO has been observed in the pattern 111711 throughout the
time series, as illustrated in figure 2(e1). Therefore, the
observed MMOs occur in single period—irregular–regular
mode, as Vd is enhanced [22]. Figures 2(a2)–(e2) show the
observed time series by LP2, i.e. near the chamber wall. For
Vd=240 V, 13 blocks of oscillations occurred and further
increasing Vd, reduced it to 12 blocks though continuing a
regular pattern. At around 260 V, the observed pattern is
111315 and for the higher Vd, the MMO structure is 121113.
Therefore, it can be inferred that as the discharge voltage
increases, the dynamics of the system shows a variety of
MMOs. This is attributed to the fact that because of ioniz-
ation, such a kind of dynamics has been observed. It is also
suggested that as Vd is increased, the rate of ionization also
increases leading to a greater number of charged particles and
hence the observed oscillations may be termed ionization
instability.

The power spectrum of the FPFs has been explored to
gain an understanding of the nature of the dynamics of the
system. Figure 3 shows the power spectrum of FPF obtained
by LP1 and LP2 where we can gather the information of
existing frequency components, which contribute to the
resultant MMO. Figure 3(a1) shows a clear picture of more
distinct peaks for Vd=260 V. On further increasing
Vd=250 V, the dominant frequency of 604 Hz has been
observed with high amplitude, which reflects that the

Figure 2. FPF for various Vd. (a) 240 V, (b) 250 V, (c) 260 V, (d) 270 V, (e) 280 V by the inner (a1)–(e1) and the outer Langmuir probes (a2)–
(e2) at B=52 G.
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ionization plays a significant role. At about 270 V discharge
voltage, more peaks are present reflecting the nature of MMO;
these are 306 and 604 Hz, as shown in figure 3(d1). At the
highest discharge voltage Vd=280 V, the dominant fre-
quencies are 207.9 and 604 Hz with greater amplitudes.
Likewise, figure 3(a2) shows a greater number of clear distinct
peaks, which explains the nature of MMO at Vd=240 V.
Further increasing Vd to 250 and 260 V, more peaks arose

with lower amplitude compared to LP1 fluctuations. For the
higher Vd, it has been observed that the dominant frequencies
are 604 and 1198 Hz, as illustrated in figure 3(e2). The fre-
quencies seen in the power spectra are low frequency and can
probably be compared with ionization wave frequencies.

In complex dynamics such as MMO, one can expect a
greater number of points of attraction in which the phase
space trajectory evolves. Here, the PSP has been done

Figure 3. Power spectra for various Vd. (a) 240 V, (b) 250 V, (c) 260 V, (d) 270 V, (e) 280 V by the inner (a1)–(e1) and the outer Langmuir
probes (a2)–(e2) at B=52 G.

Figure 4. PSP of FPFs by the inner Langmuir probe LP1 at B=52 G for different discharge voltages: (a1) 240 V, (b1) 250 V, (c1) 260 V,
(d1) 270 V, (e1) 280 V.
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through the time series using a time-delay method. In this
particular experiment, the PSP has closed paths and it can be
divided into two groups, i.e. large oscillations corresponding
to big loops and the interlaced small oscillations corresp-
onding to the small loops. At the lower discharge voltage
Vd=240 V, periodic MMOs have been observed with small
and large loops, as shown in figure 4(a1). When it comes to
irregular MMO, data points are spread out of the path in
(outer loops) a random manner, as shown in figure 4(b1). The
same scenario is continued with Vd=260 V and with further
increasing voltages, regular MMOs appearing on the recon-
structed path are clearer, as demonstrated in figure 4(e1).

Similarly, we have observed the nature of MMO mea-
sured by LP2 from figures 5(a2)–(e2) for different discharge
voltages. Therefore, figures 4(a1)–(e1) reflect the nature irre-
gular to regular MMO, whereas figures 5(a2)–(e2) explain the
nature of the loops with respect to varying discharge voltages.

Figures 6 and 7 show the RPs of FPF at 52 G magnetic
field and different discharge voltages. A large diagonal line
with small dots reveals the presence of large and small oscil-
lations, as shown in figure 6(a). This can be compared with the
time series signal in figure 2(a1). As the discharge voltage
increases, the occurrence of new modes in the fluctuations is
observed in figure 6(b) and it is noted as 1510 and 1511 in time
series signals. When at slightly higher Vd =260 V, dark spots
on the diagonal lines are observed reflecting that the number of
blocks in the oscillations increased, which is in the recurrence
of 1411 and 1511. The distance between the diagonal lines is
studied under the variation of Vd, which infers the frequency of
oscillation that alters with different discharge voltages. On

further increasing to 270 V, dark spots are overlapped with the
diagonal lines along with small dots, which explains the nature
of the fluctuations as 161111. For the higher discharge voltages,
noninterrupting diagonal lines with dark spots can be seen in
figure 6(e). This explains the existence of the new blocks of
oscillations in the pattern 111711.

Figure 7 shows the pictorial representation of MMOs.
When the discharge voltage is 240 V, strong diagonal lines and
dotted lines can be observed in figure 7(a), which reflect the
periodic nature of the fluctuations. As Vd increases to 250 V, a
greater number of periodic lines is observed with dark dots
reflecting 121212, as shown in figure 7(b). A similar pattern has
been observed for other Vd also and for higher Vd=280 V,
long diagonal lines along with dots, which explain the occur-
rence of new modes in the nature of the fluctuations as 121113.

Moreover, the progression of nonlinearity of the dyna-
mical system with respect to the controlling parameter can be
known by reviewing some of the system properties. Here, in
this study, we have carried out a Hurst exponent in order to
know the periodicity and persistence of the time series. In
general, the characteristics of the system can be known by
analyzing the order at which the oscillations of a time series
appears. The Hurst exponent is said to be chaotic if there is no
recurrence in the sequence [23]. If the sequence follows a
trend, it is persistent with 0.5<H<1.0. At the same time, if
the sequences of the trend change rapidly or very often, then it
is an anti-persistent behavior with Hurst exponent values of
0.5. Figure 8 shows the Hurst exponent along with its dis-
charge voltages for LP1 and LP2. The regular MMOs have
been observed for the lower discharge voltage 240 V by LP1,

Figure 5. PSP of FPFs by the outer Langmuir probe LP2 at B=52 G for different discharge voltages: (a2) 240 V, (b2) 250 V, (c2) 260 V,
(d2) 270 V, (e2) 280 V.
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which exhibit a value of Hurst exponent 0.7413. As the Vd

increases to 250 V, the exponent increases to 1.0045 where
irregular MMOs have been observed. Therefore, it can be
considered as persistent oscillation. With further increment of
Vd to 260 V, irregular MMOs can still be seen and there is a
fall in the exponent (0.9070) at around 270 V as long as
regular MMOs are seen in the time series. Similarly, for LP2,
we can see the increasing trend of the Hurst exponent. At
lower discharge voltages, the Hurst exponent is 0.8602 and
only a further growing trend of H has been observed till the
higher discharge voltages. Therefore, it can be concluded that
there are two types of oscillations existing in the system.

4. Ionization instability

This section explains how ion-acoustic waves could be excited
in plasma in a low degree of ionization, where energetic
electrons are present to ionize the neutral gas. In DC glow
discharge magnetized plasma, we have observed a variety of
MMOs for increasing discharge voltages. It is speculated that
the observed instability may be due to the ionization mech-
anism. It is understood from the literature [24] that if the wave
should be the ion-acoustic wave, then it should have a broad

feature of low frequency. The ion-acoustic waves can be
excited only at relatively high pressure. Therefore, in our study,
we have taken 2.3×10−1 mbar as a working pressure and also
found the existing frequencies ranging from 200–1200 Hz and
the peak amplitude is around 10 V. For the higher discharge
voltage at 280 V, the dominant frequency has been observed as
600 Hz and the axial wavelength under this condition appears
to be λ≈50 cm. Hence, the phase velocity n has been cal-
culated as ∼3×104 cm s−1 for this particular experiment.

The way in which ionization can produce growth of ion-
acoustic waves can be easily visualized and understood. If an
ion-acoustic disturbance of very slight amplitude exists in the
plasma, then the regions equivalent to the wave’s crest are
moreover the regions of higher potential, i.e. higher plasma
density [25]. If we suppose the ionizing electrons have greater
energy than the ionization threshold, then the ionization cross-
section is a quickly growing function of the electron energy
over an electron interval of range 20–30 eV. Consequently,
ionization of the neutral gas will continue at a rate larger in the
wave troughs than in the wave crests. Thus, the waves might
grow if the damping mechanisms are present and are not too
strong [26]. To know the growth mechanism of plasma waves,
we have assumed ions and electrons as fluids. Considering
Boltzmann equilibrium for electrons kT ne =en j where Te
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is the temperature of the electron, n is the plasma density, j is
the electric potential, k is the Boltzmann constant and e is the
electron charge.

Considering the conditions T Ti e and taking the ion
continuity and momentum equations in 1D as
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may be present with loss time tL and Q denotes the produc-
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Figure 8. Plot of Hurst exponent versus different discharge voltages
for constant B.

Figure 9. Representation of ionization instability (Wave angular
frequency and its growth rate with respect to the wave number K).
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where s1 is the cross-section of ionization, N signifies the gas
density of neutral particles andÆ is the ionizing electron flux.
From equation (2), the term n unm signifies momentum losses
by an ion when it is colliding with neutral gas with the col-
lision frequency n. The term uQm from equation (2) repre-
sents the production of new ions whose average velocity is
different to the instantaneous velocity of the ion fluid [23].
The term b u- nm 2 denotes the effect of viscosity where β is
the kinematic viscosity coefficient.

Linearization of equations (1) and (2) has been done by
the ordinary method and the space and time variation of the
first-order quantities has been taken to be of the type

w-Kz texp i ,( ) and here K is the wave number and ω is the
angular frequency.

Thus, the dispersion relation can be of the form
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Thus, the dispersion relation (4) can be detached into real
and imaginary parts and it can be written as
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It is understood from equation (5) that the growth rate in
positive value can be attained only when the ionization cross-
section with the electron energy is adequate to control the
damping effects of collisions between the particles, viscosity
and loss of ions. However, the waves can be comparable with
ion-acoustic waves, which reflects that wr is growing expo-
nentially with respect to the K value due to ion viscosity.
However, the positive growth rate γ is maintained fairly well
for the particular range of K values shown in figure 9.

Therefore, it can be concluded that ion viscosity plays a
role and is the background reason for the occurrence of low
frequency in the observable waves. Furthermore, this also
explains that the waves can be excited if there is no boundary
in the uniform plasma and also in the low-frequency range.
Hence, one would also suppose that frequency may start from
low (200 Hz) to the upper limit (1200 Hz) by the ion visc-
osity. It would appear that whatever the nonlinearity present
in the system and its dimensions, it is liable for directing the
oscillation energy into growth of the ionization instability.

5. Conclusion

A variety of MMOs have been studied in glow discharge
plasma by increasing Vd, wherein initial regular MMO was
observed. With the further increase of Vd, the fluctuation trend
shows a transition from regular to irregular to regular MMOs.
The power spectrum reveals that for the higher discharge
voltage, the observed dominant frequencies are 604 and 1198
Hz. It has also been noted that these are low frequencies and
they are comparable with ionization wave frequencies. In
addition, observation from PSP explains that the FPF consists
of large loops along small loops reflecting the nature of
MMO. The RP is one of the powerful tools for the visuali-
zation and analysis of dynamical systems, which also reveals
the similar transition pattern of the system. The RP shows
extensive variation in the diagonal lines in the pattern, which
enumerates that as Vd increases, the number of modes in the
fluctuations also increases in a respective manner. Therefore,
the observed low-frequency oscillations satisfy the properties
of ion-acoustic waves; such waves are excited by ionization
instability. We have also carried out a numerical modeling in
order to study the excited wave frequency along with its
growth rate. It has been observed that wr grows exponentially
with respect to the K value due to ion viscosity. However, the
positive growth rate γ is also maintained fairly well for the
particular range of K values. It is also understood that the ion
viscosity is one of the prime factors responsible for low-
frequency ionization instability.
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